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Abstract

We develop an automata-theoretic framework for reasoning about linear properties of infinite-state
sequential systems. Our framework is based on the observation that states of such systems, which carry
a finite but unbounded amount of information, can be viewed as nodes in an infinite tree, and transitions
between states can be simulated by finite-state automata. Checking that the system satisfies a temporal
property can then be done by an alternating two-way automaton that navigates through the tree. For
branching properties, the framework is known and the two-way alternating automaton is a tree automaton.
Applying the framework for linear properties results in algorithms that are not optimal. Indeed, the fact that
a tree automaton can split to copies and simultaneously read all the paths of the tree has a computational
price and is irrelevant for linear properties. We introdpeg¢h automata on treesThe input to a path
automaton is a tree, but the automaton cannot split to copies and it can read only a single path of the tree.
In particulartwo-waynondeterministic path automata enable exactly the type of navigation that is required
in order to check linear properties of infinite-state sequential systems.

As has been the case with finite-state systems, the automata-theoretic framework is quite versatile.
We demonstrate it by solving several versions of the model-checking problem for LTL specifications and
prefix-recognizable systems. Our algorithm is exponential in both the size of (the description of) the
system and the size of the LTL specification, and we prove a matching lower bound. This is the first
optimal algorithm for solving the LTL model-checking problem for prefix recognizable systems. Our
framework also handles systems with regular labeling, and in fact we show that LTL model checking with
respect to pushdown systems with regular labeling is intereducible with LTL model checking with respect
to prefix-recognizable systems with simple labeling.
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1 Introduction

One of the most significant developments in the area of formal design verification is the discovery of algo-
rithmic methods for verifying temporal-logic propertiesfimite-statesystems [CES86, LP85, QS81, VW86].

In temporal-logicmodel checkingwe verify the correctness of a finite-state system with respect to a desired
behavior by checking whether a labeled state-transition graph that models the system satisfies a temporal
logic formula that specifies this behavior (for a survey, see [CGP99]). Symbolic methods that enable model
checking of very large state spaces, and the great ease of use of fully algorithmic methods, led to industrial
acceptance of temporal model checking [BLMO01, CBH].

An important research topic over the past decade has been the application of model checking to infinite-
state systems. Notable successes in this area has been the application of model checking to real-time anc
hybrid systems (cf. [HHWT95, LPY97]). Another active thrust of research is the application of model
checking toinfinite-state sequential system3hese are systems in which a state carries a finite, but un-
bounded, amount of information, e.g., a pushdown store. The origin of this thrust is the important result by
Miuller and Schupp that the monadic second-order theogontext-free graphgs decidable [MS85]. As
the complexity involved in that decidability result is nonelementary, researchers sought decidability results
of elementary complexity. This started with Burkart and Steffen, who developed an exponential-time al-
gorithm for model-checking formulas in thaternation-freeu-calculus with respect to context-free graphs
[BS92]. Researchers then went on to extend this result tptb@culus, on one hand, and to more general
graphs on the other hand, suchmshdown graph§8S99a, Wal96],regular graphs[BQ96], andprefix-
recognizable graphfCau96]. The most powerful result so far is an exponential-time algorithm by Burkart
for model checking formulas of the-calculus with respect to prefix-recognizable graphs [Bur97b]. See also
[BCMSO00, BE96, BEM97, BS99b, Bur97a, FWW97].

In [KV0OQ], Kupferman and Vardi develop an automata-theoretic framework for reasoning about infinite-
state sequential systems. The automata-theoretic approach uses the theory of automata as a unifying paradigr
for system specification, verification, and synthesis [WVS83, EJ91, Kur94, VW94, KVWO00]. Automata
enable the separation of the logical and the algorithmic aspects of reasoning about systems, yielding clean
and asymptotically optimal algorithms. Kupferman and Vardi use two-way alternating tree automata in order
to reason about branching properties of infinite state sequential systems. The idea is based on the observatior
that states of such systems can be viewed as nodes in an infinite tree, and transitions between states ca
be simulated by finite-state automata. Checking that the system satisfies a branching temporal property can
then be done by an alternating two-way automaton. The two-way alternating automaton starts checking the
input tree from the root. It then spawns several copies of itself that may go in different directions in the
tree. Each new copy can spawn other new copies and so on. The automaton accepts the input tree if all
spawned copies agree on acceptance. Thus, copies of the alternating automaton navigate through the tres
and check the branching temporal property. The method in [KV0O] handles prefix-recognizable systems, and
properties specified in the-calculus. The method appears to be very versatile, and it has further applications:
the p-calculus model-checking algorithm can be easily extended to graphsregitiar labeling (that is,
graphs in which each atomic propositipnhas a regular expression describing the set of states in which
p holds) andregular fairness constrainigo p-calculus withbackward modalitiesto checkingrealizability
of u-calculus formulas with respect to infinite-state sequential environments, and to computingzthe” set
(post™) of predecessors (successors) of a regular set of states. All the above are achieved using a reduction tc
the emptiness problem for alternating two-way tree automata where the location of the alternating automaton
on the infinite tree indicates the contents of the pushdown store.

The u-calculus is sufficiently strong to express all properties expressible in the linear temporal logic LTL
(and in fact, all properties expressible byafegular language) [Dam94]. Thus, the framework in [KVV0O]



can be used in order to solve the problem of LTL model-checking for prefix-recognizable systems. The
solution, however, is not optimal. This has to do both with the fact that the translation of LTL gedalkeulus

is exponential, as well as the fact that the framework in [KV0O0] is based on tree automata. A tree automaton
splits into several copies when it runs on a tree. While splitting is essential for reasoning about branching
properties, it has a computational price. For linear properties, it is sufficient to follow a single computation
of the system, and tree automata seem too strong for this task. For example, while the application of the
framework in [KV0O0] to pushdown systems and LTL properties results in a doubly-exponential algorithm, the
problem is known to be EXPTIME-complete [BEM97].

In this paper, we develop an automata-theoretic framework to reason about linear properties of infinite-
state sequential systems. We introdype¢h automata on treesThe input to a path automaton is a tree,
but the automaton cannot split to copies and it can read only a single path of the tree. In patticslar,
way nondeterministic path automata enable exactly the type of navigation that is required in order to check
linear properties of infinite-state sequential systems. We study the expressive power and the complexity of
the decision problems for (two way) path automata. The fact that path automata follow a single path in the
tree makes them very similar to two-way nondeterministic automata on infinite words. This enables us to
reduce the membership problem (whether an automaton accepts the tree obtained by unwinding a given finite
labeled graph) of two-way nondeterministic path automata to the emptiness problem of one-way alternating
weak automata on infinite words, which was studied in [KVWO0O]. This leads to a quadratic upper bound for
the membership problem for two-way nondeterministic path automata.

As usual, the automata-theoretic framework proves to be very helpful. We are able to solve the problem
of LTL model checking with respect to pushdown systems by a reduction to the membership problem of two-
way nondeterministic path automata. This is in contrast to [KV0O0], where the emptiness problem for two-way
alternating tree automata is being used. We note that both simplifications, to the membership problem vs. the
emptiness problem, and to path automata vs. tree automata are crucial: as we prove, the emptiness problen
for two-way nondeterministic 8chi path automata is EXPTIME-complete, and the membership problem for
two-way alternating Bchi automata is also EXPTIME-compléteOur automata-theoretic technique match
the known upper bound for model checking LTL properties on pushdown systems [BEM97, EHRSO00]. In
addition, the automata-theoretic approach provides the first solution for the case where the system is prefix
recognizable. Specifically, we show that we can solve the model-checking problem of an LTL fgrmitfa
respect to a prefix-recognizable systéhof sizen in time and space®(™t1¢l), We also prove a matching
EXPTIME lower bound.

Our framework also handles regular labeling (in both pushdown and prefix-recognizable systems). The
complexity is exponential in the nondeterministic automata that describe the labeling, matching the known
bound for pushdown systems [EKSO01]. The automata-theoretic techniques for handling regular labeling and
for handling the regular transitions of a prefix-recognizable system are very similar. This leads us to the
understanding that regular labeling and prefix recognizability have exactly the same power. Formally, we
prove that LTL model checking in a prefix-recognizable system can be reduced to LTL model checking in a
pushdown system with regular labeling, and vice versa. Since the latter problem is known to be EXPTIME-
complete [EKS01], our reductions suggest an alternative proof of the exponential upper and lower bounds for
the problem of LTL model checking in prefix-recognizable systems.

'In contrast, the membership problem for one-way alternatiiighBtree automata can be solved in quadratic time. Indeed, the
problem can be reduced to the emptiness problem of the 1-letter alternating word automaton obtained by taking the product of the
labeled graph that models the tree with the one-way alternating tree automaton [KVWO0O]. This technique cannot be applied to two-
way automata, since they can distinguish between a graph and its unwinding. For a related discssion regarding past-time connectives
in branching temporal logics, see [KP95].



2 Preliminaries

We consider finite or infinite sequences of symbols from some finite alpiabeGiven aword w =
wowiwy - -+ € ¥* U XY, we denote by byvs; the suffix ofw starting atw; hencews; = wjw;11w;ya---.
Thelengthof w is denoted byw| and is defined to be for infinite words.

2.1 Nondeterministic Automata

A nondeterministic automaton on wordsN = (X, @, qo, 7, F'), whereX. is a finite alphabet) is a finite
set of statesgy € Q is an initial statey : Q x ¥ — 2¢ is a transition function, and@ C Q is a set of
accepting states. We can riW either on finite wordsr{ondeterministic finite automatasr NFA for short)
or on infinite words ilondeterministic Bchi automatoror NBWfor short). Adeterministicautomaton is an
automaton for whichd(q,a)| = 1 for all ¢ € @Q anda € X. We denote byV? the automatorV with initial
stateq. A run of N on a finite wordw = wy, ..., w;_; is a finite sequence of statgg, p1,...,p € Q'!
such thapy = ¢o and for all0 < j < [, we havep;1 € 6(pj,w;). A runisacceptingif p; € F. A run of
N on an infinite wordw = wq, w1, . . . is defined similarly as an infinite sequence. For arua pg, p1, - - -,
letinf(r) = {¢ € Q | ¢ = p; for infinitely manyi's} be the set of all states occurring infinitely often in the
run. A runr of an NBW isacceptingif it visits the setF infinitely often, thusinf(r) N F # (. A word w
is acceptedoy N if N has an accepting run an. Thelanguageof N, denotedL(N), is the set of words
accepted byV. The size|N| of a nondeterministic automataoN is the size of its transition function, thus
IN| = Egeqocz|n(g, o)l.

We are especially interested in cases where 247, for some setd P of atomic propositionsi P, and
in languaged. C (247)« definable by NBW or formulas of the linear temporal logic LTL [Pnu77]. For an
LTL formula ¢, thelanguageof ¢, denoted (), is the set of infinite words that satisfy

Theorem 2.1 [VW94] For every LTL formulap, there exists an NBW,, with 20U¢)) states, such that
L(Ny) = L(e).

2.2 Labeled rewrite systems

A labeled transition graplis G = (3, S, L, p, so), whereX is a finite set of labelsS is a (possibly infinite) set

of states . : S — 3 is a labeling functionp C S x S'is a transition relation, angh € S, is an initial state.
Whenp(s, '), we say that’ is asuccessoof s, ands is apredecessoof s'. For a state € S, we denote by

G* =(%,S,L,p,s), the graphG with s as its initial state. Ars-computationis an infinite sequence of states

S0, 81, - .. € S¥ such thats) = s and for alli > 0, we havep(s;, si+1). An s-computationsy, si, ... induces

the s-trace L(so) - L(s1) - --. The setZ; is the set of alls-traces. We say that satisfies an LTL formulep,
denoted(G, s) | o, iff T, C L(p). A graphG satisfies an LTL formulag, denotedG |= ¢, iff its initial

state satisfies it; that i87, sg) = . Themodel-checking probleror a labeled transition grap& and an

LTL formula ¢ is to determine whethe¥ satisfiesp. Note that the transition relation need not be total. There
may be finite paths but satisfaction is determined only with respect to infinite paths. In particular, if the graph
has only finite paths, its set of traces is empty and the graph satisfies every LTL formula (It is also possible to
consider finite paths. In this case, the NBW in Theorem 2.1 has to be modified so that it can recognize also
finite words. Our results are easily extended to consider also finite paths).

A rewrite systems R = (X, V,Q, L, T, qo, xo), WwhereX is a finite set of labelsy is a finite alphabet,
Q is a finite set of stated, : Q x V* — X is a labeling function]" is a finite set of rewrite rules, to be
defined belowy is an initial state, ana, € V* is an initial word. The set ofonfigurationsof the system is
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Q@ x V*. Intuitively, the system has finitely many control states and unbounded store. Thus, in a configuration
(¢,x) € Q x V* we refer tog as thecontrol stateand tox as thestore A configuration(q,xz) € @ x V*

indicates that the system is in control stat&ith storex. We consider here two types of rewrite systems. In

a pushdowrsystem, each rewrite rule ig, A, z,¢') € Q x V x V* x Q. Thus,T C Q x V x V* x Q.

In a prefix-recognizableystem, each rewrite rule ig, o, 3,7,¢') € Q x reg(V) x reg(V') x reg(V') x @,
wherereg(V) is the set of regular expressions ovérThus, T’ C @ x reg(V') x reg(V') x reg(V) x Q. For

awordw € V* and a regular expressione reg(1’) we writew € r to denote thatv is in the language of

the regular expressian We note that the standard definition of prefix-recognizable systems does not include
control states. Indeed, a prefix-recognizable system without states can simulate a prefix-recognizable system
with states by having the state as the first letter of the unbounded store. We use prefix-recognizable systems
with control states for the sake of uniform notation.

We consider two types of labeling functiorssmpleandregular. The labeling function associates with a
configuration(q, ) € @ x V* a symbol fromX. A simple labeling function depends only on the first letter
of z. Thus, we may writd. : @ x (V U{e}) — X. Note that the label is defined also for the case thatthe
empty worde. A regular labeling function considers the entire warldut can only refer to its membership in
some regular set. Formally, for every statthere is a partition of/* to |X| regular languageg;, . . . Rj5,
andL(q, z) depends on the regular set thabelongs to. We are especially interested in the cases where the
alphabet® is the powerse2” of the set of atomic propositions. In this case, we associate with every;state
and propositiorp a regular languag®, ,, that contains all the words for which the propositiom is true in
configuration(q, z). Thusp € L(q, z) iff x € R, .

The rewrite systenR induces the labeled transition grapty = (X,Q x V*, L', pr, (g0, %0)). The
states of7 are the configurations dt and((q, 2), (¢, 2’)) € pg if there is a rewrite rule¢ € T leading from
configuration(q, z) to configuration(q’, z’). Formally, if R is a pushdown system, ther ((q, A-y), (¢, z-y))
if (¢, A,z,q¢'") € T; and if R is a prefix-recognizable system, ther((¢, = - v), (¢, 2’ - y)) if there are regular
expressionsy, 3, andy such thatr € a, y € 3, 2’ € v, and{q,a,3,v,¢') € T. Note that in order to
apply a rewrite rule in statgy, z) € @ x V* of a pushdown graph, we only need to match the sfaad
the first letter ofz with the second element of a rule. On the other hand, in an application of a rewrite rule in
a prefix-recognizable graph, we have to match the gtaied we should find a partition afto a prefix that
belongs to the second element of the rule and a suffix that belongs to the third element. A labeled transition
graph that is induced by a pushdown system is callpdsindown graphA labeled transition system that is
induced by a prefix-recognizable system is callguefix-recognizable graphWe say that a rewrite system
R satisfies an LTL formule if G = . 2

Example 2.2 The pushdown system P2 P2 P1,p2 P1, P2
(212} (A BY, {qo}, L, T, qo, A), with (90.A) (¢0,AB) (¢0,ABB) (¢0,ABBB)
T = {<QO7 A) AB7 QO>7 <q07 A7 g, QO>7 <QO7 B7 g, QO>},

andL defined byR,, ,, = {A,B}*-B-B-{A,B}*

and Ry, ,,, = A - {A, B}*, induces the labeled tran- (40, ) 0.8) (20.B8) (20.B88)
sition graph on the right. pl pl

Consider a prefix-recognizable syst&n= (3, V, Q, L, T, qo, xo). For arewrite rule; = (s, o, 5;,7vi,s') €
T, letUy = (V,Qx, % mx, Fo), for X € {ay, 8i,7i}, be the nondeterministic automaton for the language of
the regular expressioh We assume that all initial states have no incoming edges and that all accepting states

2some work on verification of infinite-state system (e.g., [EHRS00]), consider properties given by nondetermiimistiw@d
automata, rather than LTL formulas. Since we anyway translate LTL formulas to automata, we can easily handle also properties given
by automata.



have no outgoing edges. We collect all the states of all the automatg farand~ regular expressions.
Formally, Qo = Uy, cr Quys @ = Uy, er @p;» aNdQ-, = Uy, e @+,- We assume that we have an automaton
whose language iSr }. We denote the initial state of this automatorndgyand add all its states 9. Finally,

for a regular labeling functiof, a state; € ), and a propositiop € AP, letiy , = (V,Qp.q. 45 4 Pp.as Fpag)

be the nondeterministic automaton for the languagi gf.

We define thesize ||T'|| of T' as the space required in order to encode the rewrite rulgs amd the
labeling function. Thus, in a pushdown systefi|| = >-(, 4 » o7 |2[, @nd in a prefix-recognizable system,
IT[] = > g.0.87.¢ver Ual + [Us| + [Uy]. In the case of a regular labeling function, we also measure the

= quQ ZpEAP Ug pl-
Theorem 2.3 The model-checking problem for a pushdown sydieamd an LTL formulap is solvable

e intimeO(||T?) - 2°U¢D) and spaceD(||T||?) - 2°(#D in the case thaL. is a simple labeling function
[EHRS00]

e intimeO(||T|3) - 20UILI+12) and spaced (||T'||2) - 2€UILI+D) in the case thaL is a regular labeling
function. The problem is EXPTIME-hard ||| even for a fixed formulEEKS01].

3 Two-way path automata on trees

Given a finite sefl’ of directions, aril -treeis a setl’ C T* such thatifv - x € T, wherev € Y andx € T*,

then alsar € T. The elements df’ are callechodes and the empty word is theroot of T'. For everyv € T

andx € T, the noder is theparentof v - x. If z = z -y € T thenz is a descendant of. Each noder # ¢

of T' has adirectionin Y. The direction of the root is the symbal (we assume that ¢ T). The direction
of a nodeuv - = is v. We denote bylir(z) the direction of the node. An Y-treeT is afull infinite treeif

T =7T*. Apathr of atreel is a setr C T such that € 7 and for everyr € « there exists a unique € Y

such thaw - « € 7. Note that our definitions here reverse the standard definitions (e.g., Whef0, 1}, the
successors of the nodeare00 and10, rather thar90 and013.

Given two finite setsl’ and, a X-labeledY-treeis a pair(7’, 7) whereT is anY-tree andr : 7' — %
maps each node df to a letter inX. WhenY andX are not important or clear from the context, we call
(T, T) a labeled tree. A tree igegular if it is the unwinding of some finite labeled graph. More formally,
atransducerD is a tuple(Y, %, @, qo,n, L), whereX is a finite set of directions}. is a finite set alphabet,
Q is a finite set of stategy € @ is a start statey : Q x T — @ is a deterministic transition function,
andL : Q — X is a labeling function. We defing : T* — (@ in the standard wayz(¢) = ¢o and
n(azx) = n(n(x),a). Intuitively, a transducer is a labeled finite graph with a designated start node, where the
edges are labeled by and the nodes are labeled By A >-labeledY-tree(Y*, 7) is regular if there exists a
transduceD = (Y, %, @, g0, 7, L), such that for every: € T*, we haver(z) = L(n(z)). We then say that
the size of the regular treg&™*, 7), denoted|7||, is |Q|, the number of states @.

Path automata on treeare a hybrid of nondeterministic word automata and nondeterministic tree au-
tomata: they run on trees but have linear runs. Here we destwitb@vay nondeterministic Bchi path
automata. For a séf of directions, theextensiorof T is the setext(T) = T U {e, 1} (we assume that
T N{e 1} = 0). A two-way nondeterministic Bhi path automatorf2NBP, for short) on:-labeledY -
trees isS = (X, P,8,po, F), whereX, P, py, andF are as in an NBW, and : P x ¥ — 2(czt(T1)xP) jg

3 As will get clearer in the sequel, the reason for that is that rewrite rules refer to the prefix of words.



the transition function. A path automaton that visits the statend reads the node € T chooses a pair
(A,p') € §(p, 7(x)), and then follows directios and moves to state.

Formally, arun of a 2NBPS on a labeled tre€Y*, 7) is a sequence of pairs= (zo, po), (z1,p1), - -
where for alli > 0, z; € T* is a node of the tree ang € P is a state. The paifz, p) describes a copy of
the automaton that reads the nagdef T* and is in the statp. Note that many pairs in may correspond to
the same node df*; Thus,S may visit a node several times. The run has to satisfy the transition function.
Formally, (zo, po) = (¢, qo) and for alli > 0 there iSA € ezt(Y) such thal( A, p;+1) € d(pi, 7(z;)) and

e IfAc T, thenxiﬂ =A- Zi.
e If A=g¢g, then:piﬂ = ;.
o If A =7, thenz; = v -z, forsomev € T andz € T*, andz;; = z.

Thus,e-transitions leave the automaton on the same node of the input treg;teantkitions take it up to the
parent node. Note that the automaton cannot go up the root of the input tree, as whiereyewe require
thatz; # . A runr is acceptingf it visits T* x F infinitely often. An automaton accepts a labeled tree if
and only if there exists a run that accepts it. We denot€ () the set of alb>-labeled trees thatl accepts.

The automatord is nonemptyff £(.A) # (). We measure the size of a 2NBP by two parameters, the number
of states and the siz@)| = ¥,cpX.cx|d(s, a)|, of the transition function.

Readers familiar with tree automata know that the run of a tree automaton starts in a single copy of
the automaton reading the root of the tree, and then the copy splits to the successors of the root and so on,
thus the run simultaneously follows many paths in the input tree. In contrast, a path automaton has a single
copy at all times. It starts from the root and it always chooses a single direction to go to. In two-way path
automata, the direction may be “up”, so the automaton can read many paths of the tree, but it cannot read
them simultaneously.

The fact that a 2NBP has a single copy influences its expressive power and the complexity of its nonempti-
ness and membership problems. We now turn to study these issues. One-way nondeterministic path automats
can read a single path of the tree, so itis easy to see that they accept exactly all ladgoagess such that
there is anv-regular languagé of words and7 contains exactly all trees that have a path labeled by a word
in L. For two-way path automata, the expressive power is less clear, as by going up and down the tree, the
automaton can traverse several paths. Still, a path automaton cannot traverse all the nodes of the tree. To se
that, we prove that a 2NBP cannot recognize even very simple properties that refer to all the branches of the
tree (universalproperties for short).

Theorem 3.1 There are no 2NBRS; and S, over the alphabef0, 1} such that
o L(S)={(Y*7):7(x) =0forall z € T}.

o L(Sy) = {(Y*, 1) : forevery pathr C T, there isx € 7 with 7(z) = 0}.

The proof of Theorem 3.1 follows from the fact that for every 2N8&nd an accepting ruixo, po), (21, p1), - - -
of S, there exisb < ¢ < j such thatr; is a descendant of; in 7', p; = p;, and there is < k < j such that
pr € F. We can construct an alternative accepting run that repeats the movement of the 2NBR;fram
t0 (241, pi+1) and from(zit1, pi+1) 10 (2442, pi+2) and so on untilz;, p;) and iterate ad infinitum. This
alternative run does not traverse all the nodes of the input tree, implying that the 2NBP accepts a tree that is
not in the language yet agrees with a tree on the language on some of its nodes.
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There are, however, universal properties that a 2NBP can recognize. Consider a lahguae of
infinite words over the alphabéi. A finite wordz € X* is abad prefixfor L iff for all y € ¥“, we have
x -y & L. Thus, a bad prefix is a finite word that cannot be extended to an infinite wadrd Alanguage
L is asafetylanguage iff everyw ¢ L has a finite bad prefix. A languade C X is clopenif both L and
its complement are safety languages, or, equivalentiyprresponds to a set that is both closed and open in
Cantor space. It is known that a clopen language is bounded: there is an ihtegen that after reading
a prefix of lengtht of a wordw € 3¢, one can determine whetheris in L [KV01la]. A 2NBT can then
traverse all the paths of the input tree up to lév@iven L, its boundk can be calculated), hence the following
theorem.

Theorem 3.2 Let L C ¥ be a clopen language. There is a 2NBPsuch thatL(S) = {(Y*, ) : for all
pathst C T*, we haver(n) € L}.

Given a 2NBPS, the emptiness probleris to determine whethe$ accepts some tree, or equivalently
whetherL(S) = (). Themembership problewf S and a regular tre€r'™*, ) is to determine whethet accepts
(Y*,7), or equivalently(Y*, 7) € £(S). The fact that 2NBP cannot spawn new copies makes them very
similar to word automata. Thus, the membership problem for 2NBP can be reduced to the emptiness problem
of one-way weak alternating automata on infinite words (1AWW) over a 1-letter alphabet (cf. [KVWO0O]). The
reduction yields a polynomial time algorithm for solving the membership problem. In contrast, the emptiness
problem of 2NBP is EXPTIME-complete.

In Appendix A, we give the exact definition of LAWW and show a reduction from the membership prob-
lem of 2NBP to the emptiness problem of 1IAWW with a 1-letter alphabet. The reduction is a generaliza-
tion of a construction that translates two-way nondeterministichB automata on infinite words to 1AWW
[PVO1a, PVO1b, Pit00]. The emptiness of LAWW with a 1-letter alphabet is solvable in linear time and space
[KVWOO]. In the full version we also prove that the emptiness problem of 2NBP is EXPTIME-complete.
Formally, we have the following.

Theorem 3.3 Consider a 2NBRS = (X, P, po, 6, F').

e The membership problem of the regular t{@", 7) in the language of is solvable in timeO(|P|? -
6] - [I7]]) and spaceD(|P|* - |I7[)).

e The emptiness problem 8fis EXPTIME-complete.

We note that the membership problem for 2-way alternatiiigtBBautomata on trees (2ABT) is EXPTIME-
complete. Indeed, CTL model-checking of pushdown systems, proven to be EXPTIME-hard in [Wal00], can
be reduced to the membership problem of a regular tree in a 2ABT. The size of the regular tree is linear in the
size of the alphabet of the pushdown system and the size of the 2ABT is linear in the size of the CTL formula.
Thus, path automata capture the computational difference between linear and branching specifications.

4 LTL model checking

In this section we solve the LTL model-checking problem by a reduction to the membership problem of 2NBP.
We start by demonstrating our technique on LTL model-checking for pushdown systems. Then we show how
to extend it to prefix-recognizable systems and to systems with regular labeling. For an LTL fornwea



construct a 2NBP that navigates through the full infiitdree and simulates a computation of the rewrite
system that does not satisgy Thus, our 2NBP accepts thé-tree iff the rewrite system does not satisfy the
specification. Then, we use the results in Section 3: we check whether thelgitrer is in the language of
the 2NBP and conclude whether the system satisfies the property.

Consider a rewrite systeld = (3, V, Q, L, T, qo, zo). Recall that a configuration @ is a pair(q, z) €
Q@ x V*. Thus, the store corresponds to a node in the full infinité-tree. An automaton that reads the tree
V* can memorize in its state space the state component of the configuration and refer to the location of its
reading head ifv* as the store. We would like the automaton to “know” the location of its reading héad in
A straightforward way to do so is to label a nadec V* by x. This, however, involves an infinite alphabet,
and results in trees that are not regular. We show that it is possible toldheith a regular labeling that is
sufficiently informative to provide the 2NBP with the information it needs in order to simulate the transitions
of the rewrite system. For pushdown systems with a simple labeling function, we show that it is enough to
label a noder by its direction. For prefix-recognizable systems or systems with regular labeling, the label is
more complex and reflects the membership @i the regular expressions that are used in the transition rules
and the regular labeling.

Pushdown systems.Recall that in order to apply a rewrite rule of a pushdown system from configuration
(¢, ), it is sufficient to knowg and the first letter of. Let (V*,7,,) be theV-labeledV -tree such that for
everyx € V* we haver, (z) = dir(z). Note that(V*, ) is a regular tree of sizg/| + 1. We construct a
2NBPS thatreadgV*, 7,,). The state space éfcontains a component that memorizes the current state of the
rewrite system. The location of the reading headliti, 7,,) represents the store of the current configuration.
Thus, in order to know which rewrite rules can be appli€d;onsults its current state and the label of the
node it reads (note thdtr(z) is the first letter ofr). Formally, we have the following.

Theorem 4.1 Given a pushdown systeR = (247 V, Q, L, T, qo, zo) and an LTL formulap, there is a
2NBPS on V-trees such thas accepts(V*,7,,) iff Gr [~ . The automatos hasO(|Q| - | T||) - 200#D
states and the size of its transition functiorgig|| 7')|) - 29D,

Proof: According to Theorem 2.1, there is an NBW_, = (247 W, -, wo, F) such thatC(M_,) =

(24F)% \ L(p). The 2NBPS tries to find a trace irGy that satisfies~p. The 2NBPS runs M-, on a
guessedqo, zo)-computation inRk. Thus,S acceptgV*, r,,) iff there exists ar{qo, o )-trace inGr accepted
by M. Such a(qo, o)-trace does not satisfy, and it exists iffR = . We defineS = (V, P, pg, 0, F’),

where

o P =W xQ x tails(T'), wheretails(T)) C V* is the set of all suffixes of words € V* for which
there are stateg, ¢ € Q andA € V such that{q, A, z,¢’) € T. Intuitively, whenS visits a node
z € V* in state(w, ¢, y), it checks that? with initial configuration(q, y - x) is accepted byM® . In
particular, whery = ¢, thenR with initial configuration(q, z) needs to be accepted By, . States of
the form(w, ¢, ) are calledaction states From these stateS consultsy-,, and7" in order to impose
new requirements otV *, 7,,). States of the fornfw, ¢, y), fory € V*, are callechavigation states
From these stateS only navigates downwardgsto reach new action states.

e po = (wo, qo, To). Thus, in its initial stateS checks thaR with initial configuration(qo, z9) contains a
trace that is accepted by! with initial statewy.

e The transition functiom is defined for every state ifw, ¢, z) € W x Q x tails(T') and letterinA € V
as follows.



- 0((w,q,€6), A) = {((w',¢",y), T) + w' € n-(w, L(q, A)) and(q, A,y,q') € T}.
- 5(<w7QvB : y>aA) = {(<w7Q7y>7B)}'

Thus, in action statesy reads the direction of the current node and applies the rewrite rul&simof
order to impose new requirements according)tg. In navigation states$ needs to go downwards
B -y, so it continues in directiof.

e F' ={(w,q,e) : we Fandgq e Q}. Note that only action states can be accepting staté&s of

We show thatS accepts(V*, 7,) iff R & ¢. Assume first thalS accepts(V*, 7,,). Then, there exists an
accepting rur(po, o), (p1, 1), ... of S on (V* 7). Extract from this run the subsequence of action states
(piys iy ), (Piy, Tiy), - - .. AS the run is accepting and only action states are accepting states we know that this
subsequence is infinite. L, = (w;,, gi;,€). By the definition ofs, the sequencéy;,, v, ), (¢iy, Tiy), - - -
corresponds to an infinite path in the graph. Also, by the definition ofF”, the runw;, , w;,, ... is an
accepting run ofM-,, on the trace of this path. Hena@z contains a trace that is accepted.by-,, thus
R~ .

Assume now thaR [~ . Then, there exists a patho, z0), (¢1,21), ... in Gg whose trace does not
satisfy . There exists an accepting rum, wy, ... of M-, on this trace. The combination of the two
sequence serves as the subsequence of the action states in an acceptir# farsafot hard to extend this
subsequence to an accepting rursan (V*, 7). L]

Prefix-recognizable systemsWe now turn to consider prefix-recognizable systems. Again the configuration
of a prefix-recognizable syste® = (X, V. Q, L, T, qo, xo) consists of a state i) and a word inV*. So,
the store content is still a node in the trgé. However, in order to apply a rewrite rule it is not enough to
know the direction of the node. Recall that in order to represent the configufatione @ x V*, our 2NBP
memorizes the statgas part of its state space and it reads the node V*. In order to apply the rewrite
rulet; = (q, «;, Bi, Vi, q'), the 2NBP has to go up the tree along a wgrd «;. Then, ifz =y - 2, it has to
check that: € 3;, and finally guess a worgl € ~; and go downwardg’ to 3/’ - z. Finding a prefixy of x
such thaty € «;, and a new word/ € ~; is not hard: the 2NBP can emulate the run of the automéaton
backwards while going up the tree and the run of the autonidtowhile going down the guessed. How
can the 2NBP know that € 3;? Instead of labeling each nodec V* only by its direction, we can label it
also by the regular expressiogdor whichx € 3. Thus, when the 2NBP ruil,, up the tree, it can tell, in
every node it visits, whetheris a member off; or not. If z € 3;, the 2NBP may guess that time has come to
guess a word iry; and rurif,,, down the guessed word.

Thus, in the case of prefix-recognizable systems, the nodes of the tree whose membership is checked are
labeled by both their directions and information about the regular expressides {5, . . ., 5, } be the set of
regular expressions; such that there is a rewrite rule, o;, 3;,7i,¢') € T. LetDg, = (V, Dﬁi,qg,i, 085 Fa;)
be the deterministic automaton for the languag@;ofFor a wordr € V*, we denote by)s, () the unique
state thatDg, reaches after reading the word Let ¥ = V x Il;<;<,Dg,. For a letteroc € X, let oi],
fori € {0,...n}, denote the-th element inv (that is,o[0] € V ando[i] € Dg, fori > 0). Let (V*, 75)
denote the-labeledV -tree such thats(e) = <L,qg1, . .,qgn), and for every nodel - z € V', we have
8(A - x) = (A,ng (A-x),...,n3,(A - x)). Thus, every node is labeled bydir(z) and the vector of
states that each of the deterministic automata reach after readMagte that ifr3(z)[i| € Fj, iff « is in the
language of3;. Note also thatV*, 75) is a regular tree whose size is exponential in the sum of the lengths of
the regular expressions, . . ., G,.



Theorem 4.2 Given a prefix-recognizable systein= (3, V,Q, L, T, qo, zo) and an LTL formulap, there is
a 2NBPS such thatS acceptsV*, 73) iff R = ¢. The automatos hasO(|Q| - (|Qal +1Q-|) - |T) - 200D
states and the size of its transition functiorgig|| T')|) - 29D,

The proof resembles the proof for pushdown systems. This time, the application of a rewritefule
(g, o, Bi, i, ¢') involves an emulation of the automdté, (upwards) and/{,, (downwards). Accordingly,
one of the components of the states of the 2NBP is a state of éftheor I/,,. Action states are states
in which this component is a final state &@f,. From action states, the 2NBP chooses a new rewrite rule
ty = (¢, o, Byr,vw,q"), and it applies it as follows. First, it chooses a final staté/gf, and runif,,,
backwards up the tree until it reaches the initial state. It then verifies that the current node is in the language
of 3;, in which case it moves to the initial stateldf, and runs it forward down the tree until it reaches a new
action state. The full details can be found in Appendix C.

Regular labeling. Handling regular labels for either pushdown systems or prefix-recognizable systems is
similar to the above. We add to the label of every node in the tfealso the states of the deterministic
automata that recognizes the languages of the regular expressions of the labels. The navigation through the
V-tree proceeds as before, and whenever the 2NBP needs to know the label of the current configuration (that
is, in action states, when it has to update the stat®fof,), it consults the labels of the tree.

Formally, let{ R1, ..., R, } denote the set of regular expressidhsuch that there exist some state @
and propositionp € AP with R; = R,,,. LetDg, = (V, Dp,, q%i, nr,, Fr;) be the deterministic automaton
for the language ofRk;. For a wordz € V*, we denote byjg,(z) the unique state th&Pr, reaches after
reading the word:. LetX =V x II;<;<,Dpg,. For alettetr € X leto]i], fori € {0,...,n}, denote the-th
element ofs. Let (V*, 7, ) be theX-labeledV-tree such that, (¢) = (L,q%,..-.,q}, ) and for every node
A-zeV*twehaver, (A -z)=(Anr,(A-2),...,nRr, (A" x)> The 2NBPS reads(V*, 7, ). Note that if
the state space of indicates that the current state of the rewrite systegnaisdS reads the node, then for
every atomic propositiop, we have thap € L(q, x) iff 7, (x)[i] € Fg,, wherei is such thatR; = R, . In
action statesS needs to updates the state/ef-,, which reads the label of the current configuration. Based
on its current state and,, the 2NBPS knows the letter with whicbhM_, proceeds. Note that the way we
handle regular labeling is very similar to the way we handle prefix recognizability. We will get back this point
in Section 5.

If we want to handle a prefix-recognizable system with regular labeling we have to label the nodes of
the treeV* by both the deterministic automata for regular expressjgnand the deterministic automata
for regular expressiong, ,. Let (V*, 73 1) be the composition ofl’*, 75) with (V*,7,). Again note that
(V*,15,1,) is aregular tree of exponential size.

Theorem 4.3 Given a prefix-recognizable systgin= (X, V. Q, L, T, qo, xo) and an LTL formulap, there is
a 2NBPS such thatS acceptsV*, 75 1) iff R [~ . The automatos hasO(|Q| - (|Qal + Q) - T)) - 20U¢D
states and the size of its transition functiorgig|T'||) - 29(#D.

Note that Theorem 4.3 differs from Theorem 4.2 only in the labeled tree whose membership is checked.
Also, all the three labled trees we use are regular, With| = O(|V]), ||75] = 209D, and||75.| =
20(1QsI+IL1D) | Combining Theorems 4.1, 4.2, 4.3, and 3.3, we get the following.

Theorem 4.4 The model-checking problem for a rewrite systBrand an LTL formulap is solvable

e in time O(||T|?) - 2°0¢D and spaceO(||T|?) - 2°U¢) whenR is a pushdown system with simple
labeling.
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e intimeO(||T||?) - 20U¢I+1@sD) and spaced(|T|?) - 2°U#I+1Qs) whenR is a prefix-recognizable system
with simple labeling. The problem is EXPTIME-hard|ips| even for a fixed formula.

e intimeO(||T||3)-20U¢l+QsI+ILI) and space) (|T|?)-20#I+1@sl+ILI) whenR is a prefix-recognizable
system with regular labeling.

For pushdown systems with simple labeling (the first setting), our complexity coincides with the one
in [EHRSO00]. In Appendix B, we prove the EXPTIME lower bound in the second setting by a reduction
from the membership problem of a linear space alternating Turing machine. An alternative proof is given in
Theorem 2.3. This, together with the lower bound in [EKS01], implies EXPTIME-hardness in ter@g|of
and||L|| in the the third setting. Thus, our upper bounds are tight.

5 Relating regular labeling with prefix-recognizability

Recall that the way we handle regular labeling is very similar to the way we handle prefix recognizability.

In both settings, the system has to be able to check the membership of the word in the store in a regular
expression. In prefix-recognizable systems, the check is done when the system follows a transition rule. In
systems with regular labeling, the check is done when the system needs to evaluate the labeling of the current
configuration. In this section we show that these checks are intereducible. We describe a reduction from
the LTL model-checking problem of a prefix-recognizable system with a simple labeling function to the LTL
model-checking problem of a pushdown system with a regular labeling function, and a reduction from the LTL
model-checking problem of a pushdown system with a regular labeling function to the LTL model-checking
problem of a prefix-recognizable system with a simple labeling function. We note that we cannot just replace
one system by another, but we also have to adjust the LTL formula. We start with the first direction.

Theorem 5.1 Given a prefix-recognizable systdtn= (247, V, Q, L, T, qo, z0) and an LTL formulap, there
is a pushdown syste® = (247" V, Q', L', T", ¢}, z) with a regular labeling function and an LTL formula
¢', such thatR |= ¢ iff R = ¢'. Furthermore,|Q’| = |Q| x |T'| x (|Qal + 1@4]), [|IT7]] = O(|T|), and

| L|| = |Qgl|. The reduction is computable in logarithmic space.

The idea is to add to the configurationsi®fiabels that would enable the pushdown system to simulates
transitions of the prefix-recognizable system. Recall that in order to apply the rewritégrales, v, ¢')
from configuration(q, x), the prefix-recognizable system has to find a partitiorr of = such that the prefix
y is a word ina and the suffixz is a word in3. It then replaceg by a wordy’ € ~. The pushdwon
system can remove the prefjdetter by letter, guess whether the remaining suffig a word ing, and add
y' letter by letter. In order to check the validity of guesses, the system marks every configuration where it
guesses that the remaining suffix is a wordsin It then consults the regular labeling function in order to
single out traces in which a wrong guess is made. For that, we add a new propositionyong, which
holds in a configuration iff it is not the case that pushdown system guesses that the gufffixhe language
of some regular expressionand the guess turns out to be incorrect. The pushdown system also marks the
configurations where it finishes handling some rewrite rule. For that, we add a new propagitiarie,
which is true only when the system finishes handling some rewrite rule and starts handling another.

The pushdown systei®’ has four modes of operation when it simulates a transition that follows a rewrite
rule (¢, o, 3,7, ¢'). In deletemode,R’ deletes letters from the storevhile emulating a run aoff,,, backward.
Delete mode starts from a final statezaf,, from which R’ proceeds backward until it reaches the initial
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state ofi/,,. Once the initial state dff,, is reachesR’ transitions tochange-directiomode, where it does

not change the store and just moves to the initial stafé,gfand transitions tevrite mode. In write mode,

R' guesses letters i and emulates the run éf,, on them, while adding them to the store. From a final
state ofi4,, the pushdown systerf?’ transitions tochange-rulemode, where it chooses a new rewrite rule

(¢, aq, Bir,vir,q") and transitions to delete mode. Note that if delete mode starts in configufationit

cannot last indefinitely. Indeed, the pushdown system can remove only finitely many letters from the store. On
the other hand, since the store is unbounded, write mode can last foever. Hence, traces alorg-wilich
occurs only finitely often should be singled out.

Singling out of traces is done by the formytawhich restricts attention to traces in whiehbt_wrong is
always asserted and-rule is asserted infinitely often. Formall’ has the following components

e AP' = AP U {not_wrong, ch-rule}.

o Q' =QxTx ({ch-dir, ch-rule} U Qo U Q). A state(q, ¢, s) € Q" maintains the state € @ and the
rewrite rulet currently being applied. the third elemenindicates the mode ak’. Change-direction
and change-rule modes are indicated by a marker. In delete and write nid@lsp maintains the
current state o4, and 4.

e For every propositionp € AP, we havep € L'(q,z) iff p € L(q,x). We now describe the regu-
lar expression for the propositioré-rule and not_wrong. The propositiornch-rule holds in all the
configuration in which the system is in change-rule mode. Thus, for eyery@ andt € T, we
have R g ¢+ ch-ruie),ch-rule = V* @NdRg 1 ¢y ch-rute = 0 fOr ¢ # ch-rule. The propositiomot_wrong
holds in configurations in which we are not in change-direction mode, or configuration in which we
are in change-direction mode and the store i8,ithus changing direction is possible in the configura-
tion. Formally, for everyy € Q andt = (¢, , 3,7,q) € T, we haveR g ; ch-dir), not_wrong = 0 and
R4.t,¢),not _wrong = V> for { # ch-dir.

e ¢, = (qo,t, ch-rule) for some arbitrary rewrite rule

The transition function of?’ includes four types of transitons according to the four operation modes. In
change-direction mode, in configuratitfy, ¢, ch-dir), ) that applies the rewrite rule= (¢, i, 8i,vi, @),
the systeni?’ does not change, and moves to the initial sta@@i ofi4,,. In change rule mode, in configuration
({q,t, ch-rule), z), the systemR’ does not change, it chooses a new rewrite ruté = (q, a7, Bir, vir, ¢'),
changes th&) component ta;’, and moves to the initial sta@@ of Uy, . In delete mode, in configuration
({g,t,s),x), fort = (¢, a, Bi, Vi, q) ands € Q,,, the systerrR’ proceeds by either removing one letter from
2 and continuing the run aff,, backward, or ifs = ¢J, is the initial state ot{,, then R’ may also leave:
unchanged, and changeso ch-dir. In write mode, in configuratiof(q, ¢, s}, z), for t = (¢, «;, Bi, Vi, q)
ands € @Q-,, the system?’ proceeds by either extendingwith a guessed symbol froi and continuing
the run oft/,, using the guessed symbol, orsife F,,, thenR’ may also not change and just replaces by
ch-rule. Formally,T" = T’ U T y-gir U T4 UT, where

ch-rule

o T

ch-rule

={((g,t, ch-rule), A, A, (¢, V', s)) | t' = (¢, 0, 8,7, q), s € Fo,andA € V}.
i Téh'dir = {(<Qata Ch-diT>,A,A, <q7 t 5>) ’ l= <q,aaivﬁia’7iv Q>¢ 5= q’gvi’ andA € V} :
Note that the same lettet is removed from the store and added again. Thus, the store content of the config-

uration does not change.
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A€, (q,t,5") |t =(d, i, 8,7, ), 5 € Qas 5 € pa,(s',A), andA € V }U
>A7 a<Qat> ch- le)) ‘ t= <q/aai>ﬁi77’i’q>a RS QOU s = qg,a and A € V}
A
A A

(«
(<
(<Q7 ’S>> ) Ba <q7t7 S/>) | t= <q/7aiaﬁi37i7Q>> s € Q’ya S/ € P%(SaB>a andA’B € V}U
({q,t,s) ¢, t, ch-rule)) | t = (¢, i, Bi, Vi, q), s€ @y, s€ Fy,andA € V}.

Note that as initial states have no incoming edges, itis always the case that aftet@ $tate;, 3;, vi, 4), 2, )
we visit the statdq, t, ch-dir). Similarly, as final states have no outgoing edges, we always visit the state
(g, t, ch-rule) after visiting a statéq, (¢, i, i, i, q), s) wheres € F.,.

Finally, the formulay’ is the implicationy| — ¢, of two formulas. The formula) holds in computations
of R’ that corresponds to real computationgtoThus,y| = Onot_wrong A OO ch-rule. Then,y), adjusts
¢ to the fact that a single transition R corresponds to multiple transitions Ri. Formally,¢5 = f(y), for
the functionf defined below.

p) = p for a propositiorp € AP

I
f(=a) == f(a), faVb) = f(a) V f(b), andf(a A b) = f(a) A f(D).
f(aldb) = (ch-rule — f(a))U(f(b) A ch-rule)

F(Oa) = O((—ch-rule)U(f (a) A ch-rule))

In Appendix C, we prove thak = ¢ iff R | ¢'. If we use this construction in conjunction with
Theorem 2.3, we get an algorithm whose complexity coincides with the one in Theorem 4.4.

We note that since we end up with a pushdown system with regular labeling, it is easy to extend the
reduction to start with a prefix-regocnizable system with regular labeling. It is left to show the reduction in
the other direction.

Theorem 5.2 Given a pushdown syste® = (247 V,Q, T, L, qo, zo) with a regular labeling function
and an LTL formulap, there is a prefix-recognizable systeth = <2AP',V,Q’,T’,L’,q6,x0> with sim-
ple labeling and an LTL formulg’ such thatR | ¢ iff R | ¢'. Furthermore,@Q' = O(|Q| - |AP)),
|Qul + 1@ = O(IT)), and |Q}| = 2llEll yet the automata fo)}; are deterministic. The reduction is
computable in polynomial space.

Let AP = {p1,...,pn} be the set of atomic propositions. The idea behind the reduction is as follows.
The state space @t’ is Q x ({start} U AP) x {_L, T}. We replace a configuratidi, x) in R by a sequence
(({q, start, L),z),({q, p1, 1), 2),...,({q,pn, An), z)) Of n + 1 configurations inR’, where\;, = L if
x & Rqp, and\ = T if z € R, ,,. Each of the last states corresponds to one of the propositionéih The
new rewrite rule checks that the marking_bfand T is indeed correct by matching the regular expresgion
of the transition with the regular expression of the proposition. For that, we use two types of transition rules.
First, the transition rulé(g, pi—1, (), €, Ry p,, €, (¢, pi, T)) marksp; as true and makes sure thate R, ,.
Second{{q, pi—1,(), ¢, R apis € (¢ i, L)), whereR is the regular expression for the complemenkpmarks
p; as false and makes sure tha& R, p,- The automatod, ,, that recognizes the language®f ,, may be
exponentially larger thaty, ,,,. Thus, the systen®’ may be exponentially larger that However, reasoning
about the correctness & requires the automata for the regular expressions to be deterministic, thus although
R’ may be exponentially larger thd®, the model-checking problem & is only exponential in| L|| and not
doubly exponential. The full construction of the prefix-recognizable sysgteis given in Appendix E.
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In order to define the LTL formula’ we define the functiorf from LTL formulas to LTL formulas as
follows. Intuitively, f () adjustsy to the representation of a single state and its labeling by a chaitvgf+ 1
states (the function assumes thaP| = n).

e For the propositiop; € AP we havef (p;) = O'p;

o f(ma) =~f(a), flaVb) = f(a)V f(b),andf(a Ab) = f(a) A f(D).
o f(aldb) = (start — f(a))U(f(b) A start)

o f(Oa)=0O"""f(a)

The proof thatGr = ¢ iff Gr = f(¢) resembles the one in Appendix D. If we use this construction in
conjunction with Theorem 4.4, we get an algorithm whose complexity coincides with the one in [EKSO01].

References

[BCMS00] O. Burkart, D. Caucal, F. Moller, and B. Steffen. \erification on infinite structures. Unpublished

[BE96]

[BEMO97]

[BLMO1]

[BQI6]

[BS92]

[BS99a]

[BS99b]

[Bur97a]

[Bur97b]

[Cau96]

[CESS6]

manuscript, 2000.

O. Burkart and J. Esparza. More infinite resulEectronic Notes in Theoretical Computer Scienée
1996.

A. Bouajjani, J. Esparza, and O. Maler. Reachability analysis of pushdown automata: Application to model-
checking. InProc. 8th Conference on Concurrency Thearglume 1243 ofLecture Notes in Computer
Sciencepages 135-150, Warsaw, July 1997. Springer-Verlag.

P. Biesse, T. Leonard, and A. Mokkedem. Finding bugs in an alpha microprocessors using satisfiability
solvers. InComputer Aided Verification, Proc. 13th International Conferene#ume 2102 ofLecture
Notes in Computer Sciengeages 454—-464. Springer-Verlag, 2001.

O. Burkart and Y.-M. Quemener. Model checking of infinite graphs defined by graph grammemscin
1st International workshop on verification of infinite states systeniame 6 ofENTCS page 15. Elsevier,
1996.

O. Burkart and B. Steffen. Model checking for context-free processesrol 3rd Conference on Con-
currency Theoryvolume 630 ofLecture Notes in Computer Sciengeages 123-137. Springer-Verlag,
1992.

O. Burkart and B. Steffen. Composition, decomposition and model checking of pushdown processes.
Nordic J. Comut.2:89-125, 1999.

O. Burkart and B. Steffen. Model checking the full modatalculus for infinite sequential processes.
Theoretical Computer Scienc221:251-270, 1999.

O. Burkart. Automatic verification of sequential infinite-state processes. In G. Goos, J. Hartmanis, and
J. van Leeuwen, editorkecture Notes in Computer Sciengelume 1354. Springer-Verlag, 1997.

O. Burkart. Model checking rationally restricted right closures of recognizable graphs. In F. Moller, editor,
Proc. 2nd International workshop on verification of infinite states syst&aey.

D. Caucal. On infinite transition graphs having a decidable monadic thegkytdmata, Languages, and
Programming, Proc. 23st ICALP/olume 1099 of_ecture Notes in Computer Sciengages 194-205.
Springer-Verlag, 1996.

E.M. Clarke, E.A. Emerson, and A.P. Sistla. Automatic verification of finite-state concurrent systems using
temporal logic specification®ACM Transactions on Programming Languages and Syst@{#x244—263,
January 1986.

14



[CFF+01]

[CGP99]

[CKS81]

[Dam94]

[EHRS00]

[EJ91]

[EKSO1]

[EL86]

[FWW97]

[HHWTO5]

[KP95]

[Kur94]
[KVO00]

[KVO1a]

[KVO1b]

[KVWOO]

[LP85]

[LPY97]

[Lyn77]

F. Copty, L. Fix, R. Fraer, E. Giunchiglia, G. Kamhi, A. Tacchella, and M.Y. Vardi. Benefits of bounded
model checking at an industrial setting. @omputer Aided Verification, Proc. 13th International Confer-
ence volume 2102 of_ecture Notes in Computer Scienpages 436—453. Springer-Verlag, 2001.

E.M. Clarke, O. Grumberg, and D. Pelébdel CheckingMIT Press, 1999.

A.K. Chandra, D.C. Kozen, and L.J. Stockmeyer. Alternatidournal of the Association for Computing
Machinery 28(1):114-133, January 1981.

M. Dam. CTL® and ECTL* as fragments of the modatcalculus.Theoretical Computer SciencE26:77—
96, 1994.

J. Esparza, D. Hansel, P. Rossmanith, and S. Schwoon. Efficient algorithms for model checking pushdown
systems. IrComputer Aided Verification, Proc. 12th International Conferer2@90. To appear.

E.A. Emerson and C. Jutla. Tree automat&alculus and determinacy. Froc. 32nd IEEE Symp. on
Foundations of Computer Sciengages 368-377, San Juan, October 1991.

J. Esparza, A. Kucera, and S. Schwoon. Model-checking LTL with regular valuations for pushdown sys-
tems. InProc. 4th International Symposium on Theoretical Aspects of Computer Sqftwéuene 2215
of Lecture Notes in Computer Scienpages 316—339, Sendai, Japan, October 2001. Springer-Verlag.

E.A. Emerson and C.-L. Lei. Efficient model checking in fragments of the propositioealculus. In
Proc. 1st Symp. on Logic in Computer Scierpages 267-278, Cambridge, June 1986.

A. Finkel, B. Willems, and P. Wolper. A direct symbolic approach to model checking pushdown automata.
In F. Moller, editor,Proc. 2nd International Workshop on Verification of Infinite States SystE983.

T.A. Henzinger, P.-H Ho, and H. Wong-Toi. A user guideHoTECH. In Tools and algorithms for the
construction and analysis of systemslume 1019 olLecture Notes in Computer Sciengages 41-71.
Springer-Verlag, 1995.

O. Kupferman and A. Pnueli. Once and for all. Rroc. 10th IEEE Symp. on Logic in Computer Science
pages 25—-35, San Diego, June 1995.

R.P. KurshanComputer Aided Verification of Coordinating Process@sgnceton Univ. Press, 1994.

O. Kupferman and M.Y. Vardi. An automata-theoretic approach to reasoning about infinite-state systems.
In Computer Aided Verification, Proc. 12th International Conferene@ume 1855 ofLecture Notes in
Computer Scieng@ages 36-52. Springer-Verlag, 2000.

O. Kupferman and M.Y. Vardi. On clopen specificationsPhoc. 8th International Conference on Logic for
Programming, Artificial Intelligence and Reasonjn@lume 2250 of_ecture Notes in Computer Science
pages 24-38. Springer-Verlag, 2001.

O. Kupferman and M.Y. Vardi. Weak alternating automata are not that w2kl Trans. on Computational
Logic, 2001(2):408-429, July 2001.

O. Kupferman, M.Y. Vardi, and P. Wolper. An automata-theoretic approach to branching-time model
checking.Journal of the ACM47(2):312-360, March 2000.

O. Lichtenstein and A. Pnueli. Checking that finite state concurrent programs satisfy their linear specifi-
cation. InProc. 12th ACM Symp. on Principles of Programming Languapgages 97—107, New Orleans,
January 1985.

K. G. Larsen, P. Petterson, and W. Yi. UPPAAL: Status & development§omputer Aided Verification,
Proc. 9th International Conferencgolume 1254 of_ecture Notes in Computer Scienpages 456—459.
Springer-Verlag, 1997.

N. Lynch. Log space recognition and translation of parenthesis langudgesnal ACM 24:583-590,
1977.

15



[MS85] D.E. Muller and P.E. Schupp. The theory of ends, pushdown automata, and second-ord&hkgietical
Computer Scien¢g7:51-75, 1985.

[Pit00] N. Piterman. Extending temporal logic withautomata. M.Sc. Thesis, The Weizmann Institute of Science,
Israel, http://www.wisdom.weizmann.ac.il’/home/nirp/puliiiel/publications/msdthesis.ps, 2000.

[Pnu77] A. Pnueli. The temporal logic of programs.Hroc. 18th IEEE Symp. on Foundation of Computer Scignce
pages 46-57, 1977.

[PVO1a] N. Piterman and M. Vardi. From bidirectionality to alternation. 2Bth International Symposium on
Mathematical Foundations of Computer Scigneelume 2136 ofLecture Notes in Computer Science
pages 598—609. Springer-Verlag, August 2001.

[PVO1b] N. Piterman and M. Vardi. From bidirectionality to alternatidrheoretical Computer Sciencg001. to
appear.

[QS81] J.P. Queille and J. Sifakis. Specification and verification of concurrent systems in Ce&aac.li5th
International Symp. on Programmingolume 137 ol_ecture Notes in Computer Scienpages 337-351.
Springer-Verlag, 1981.

[VW86] M.Y. Vardi and P. Wolper. An automata-theoretic approach to automatic program verificatiBrodnlst
Symp. on Logic in Computer Scienpages 332—-344, Cambridge, June 1986.

[VW94] M.Y. Vardi and P. Wolper. Reasoning about infinite computatidémgrmation and Computatiqri15(1):1—
37, November 1994.

[Wal96] I. Walukiewicz. Pushdown processes: games and modal logiCotnputer Aided Verification, Proc. 8th
International Conferencevolume 1102 ofLecture Notes in Computer Sciengeges 62—74. Springer-
Verlag, 1996.

[Wal00] I. Walukiewicz. Model checking ctl properties of pushdown systemd®rdarc. 20th Conference on Foun-

dations of Software Technology and Theoretical Computer Sgigalene 1974 of_ecture Notes in Com-
puter Sciencgpages 127-138, New Delhi, India, December 2000. Springer-Verlag.

[WVS83] P. Wolper, M.Y. Vardi, and A.P. Sistla. Reasoning about infinite computation patt2rotn 24th IEEE
Symp. on Foundations of Computer Sciempaaes 185-194, Tucson, 1983.

A The reduction from 2NBP to 1IAWW
A.1 Definition of Alternating Automata on infinite words

For a setS, let BT (.S) denote the set of all positive formulas over the $atith true andfalse (i.e., for all

s € S, sis aformula and iff; and f, are formulas, so aré A f, andf; V f2). We say that a subsét C S

satisfiesa formulad € BT (S) (denotedS’ |= 6) if by assigning true to all members 6f and false to all
members of5' \ S’ the formulad evaluates to true.

An alternating Bichi automaton on word@ABWfor short) isA = (3, Q, qo, n, F') whereX, @, qo, and
F areasin NBW and) : Q x ¥ — BT ({0,1} x Q) is the transition function. Aun of A on an infinite
wordw = wows ... is alabeled N -treéT, ) wherer : T'— N x Q. A nodez labeled by(i, ¢) describes
a copy of the automaton in stajereading letterw;. The labels of a node and its successors have to satisfy
the transition functiom. Formally,e € T andr(e) = (0, qo) and for all nodes: with r(z) = (7,¢q) and
n(g, w;) = 0 there is a (possibly empty) s€tA1,q1),...,(An,qn)} EOsuchthat{z-1,...,2-n} C T
and for everyl < ¢ < n we have r(xz-c¢) = (i + A, qc). Thus, a0-transition leaves the automaton
reading the same letter. Note that for 2NBP we call transitions that leave the automaton in the same location
e-transitions and for ABW we call thetransitions.
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A run of an ABW isacceptingif every infinite path visits the accepting set infinitely often. As before, a
wordw is acceptedy A if A has an accepting run on the word. We similarly define the langiiagé of A.

We also consider weak alternating automata. A weak alternating automaton (AWW) is an ABW where
the set of state® is partitioned into disjoint sets);, such that for each s€é};, eitherQ; C F, in which case
Q; is anacceptingset, orQ; N F' = (), in which case)); is arejectingset. In addition there exists a partial
order< on the collection of th&);’s such that for every € Q; andq’ € @; for which ¢’ occurs ind(g, a),
for somea € X, we haveR); < @Q;. Thus, transitions from a state @ lead to states in either the saifd¢ or
a lower one. It follows that every infinite path of a run of an AWW ultimately gets “trapped” within some set
;. The path then satisfies the acceptance condHidfrand only if (); is an accepting set.

Again, the size of the automaton is determined by the number of its states and the size of its transition
function. The size of the transition function|if = X,cqXqex|n(q, a)| where, for a formula iB* ({0, 1} x
Q) we defing/(A, ¢)| = |true| = |false| = 1 and|6, V 02| = |01 A O2] = |61] + |62] + 1.

The emptiness of an AWW over 1-letter alphabet was considered in [KVWOO]. The algorithm is based on
bottom up labeling of the states of the automaton while evaluating the formulas in the transitions of the states.
We note that the length of a formula B ({0,1} x Q) is at most exponential ifQ| and that such formulas
can be evaluated in logarithmic space [Lyn77]. Hence, the algorithm can be implemented in space linear in
|Q]. All it needs is to evaluate formulas B ({0,1} x Q) and to record for each state whether its language
is empty or not.

Theorem A.1 [KVWO0O0] Given an AWW over 1-letter alphabét= ({a}, Q, g0, 1, F) we can check whether
L(A) is empty in time)(|n|) and space)(|Q)).

A.2 The proof

We reduce the membership problem of a regular tfée 7) in the language of a 2NBP to the emptiness
problem of a LAWW with one letter alphabet.

Given a two-way nondeterministiddBhi automaton [PV01a] show how to construct a 1ABW that accepts
the same language. Their construction can be generalized so that given aS2AN&B&onstruct a 1ABW with
1-letter alphabe#d such thatC(A) # 0 iff (Y*,7) € L(S). Then we use methods given in [PV01b, Pit00] to
convert this 1ABW into a IAWW.

Theorem A.2 Given a 2NBRS = (%, P, po, d, F') and a regular treg Y™, ) there exists a LABW on 1-letter
alphabet4 = ({a}, Q, qo,n, F') such thatC(A) # 0 iff (Y*,7) € £(S) and.A hasO(|P|?- | 7|) states and
the size of the transition functiond(|5] - |P|? - ||7|)).

We use the fact thad is a one-way automaton and remember the state of the transducer that gives the label
to the current node in the tré&™, ) as part of the finite control ofl. For better intuition of the construction
we refer the reader to [PV01a, PVO1b].

Proof: Let (D,, L;) be the transducer that generates the labetswfiereD, = (T,DT,pT,dQ,FT) is the
deterministic automaton and. : D, — X is the labeling function. For a word € T* we denote by, (w)
the unique state thd?, gets to after reading. We construct the 1ABWA = ({a}, Q, qo, 1, F") as follows.

e Q=(PU(PxP))xD;x{L, T}

® (o = <p07d70—7J—>
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o F'=(FxD; x{L})U(PxD;x{T}).

In order to define the transition function we have the following defintions. Two functfgnsP x P —
{L, T}wherea € { L, T}, and for every statp € P and alphabet letter € 3 the setCy is the set of states
from whichyp is reachable by a sequencecefansitions reading letter and one final -transition reading .
Formally

fL(p7q) =1

) L ifpeForqeF
fT(p’q)_{ T otherwise

Hpo,pl, ...,pn € PT such that
o=y po="p', pn =p,
p V0 < i <n, (p;) € 6(pi—1,0), and
<T’pn> € 6(pn—170-)

Now 7 is defined for every state i) as follows.

Vyer Vaep,m1((p, 0, d, 3),0) A ((P, d, B), 0)
77(2% d, a) = \/ \/UGT V(’U,p/>€5(p,LT (<p pT(d7U> > )
V(epyes(p, L () (D' d 1),0)

Viewyeamn Lo (@) (P P2, d; fa(p', p2)), 0)
77(]91,1027 d, Oé) = \/ \/p’GP \//31+52=o¢(<p17p/a d, fﬁl (pla /)>> O) N (<p/>p2> d, fﬂz (p

y P2 >a O)
\/UET \/<’U,p/>€6(p1,L7-(d)) V ”GCL"(d) (<p/7 p//v pT(d, U)v fa (p/7p//)>7

)
1)
Finally, we replace every state of the fodp, p, d, o) | eitherp € Panda = L orp € F anda = T} by
true.

Claim A.3 L(A) # Qiff (Y*,7) € L(S)

Proof: The proof is very similar to the proof in [PV01a]. Itis included here for the sake of completeness.

Letr = (po, wo) - (p1,w1) - (P2, w2) - - - be an accepting run & on (Y*, 7). We add the annotation of
the locations in the rufpg, wo, 0) - (p1, w1, 1) - (p2, w2, 2) - - -. We construct the rufi’”, ') of A. For every
nodex € T”, if = is labeled by a singleton state we add a tag smme triplet from the rum. If z is labeled
by a pair state we add two tags#ptwo triplets from the rurr. The labeling and the tagging conform to the

following.

e Given a noder: lebeled by statép, d, o) and tagged by the triplep’, w, i) from r, we buildr’ so that
p = p' andd = p,(w). Furthermore all triplets im whose third element is greater thamave their
second element greater or equaltdY™ is ordered according to the lexical order on the reverse of the
words).

e Given a noder labeled by statéq, p, d, «) and tagged by the tripletg/, w, i) and (p’, w’, j) from r,
we buildr’ so thaty = ¢/, p = p/, w = ', d = p-(w), andi < j. Furthermore all triplets im whose
third elementk is between andj, have their second element greater or equal.téd\lso, if j > i + 1
thenw;_; = v - w; for somev € T.
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Construct the run treél”, ') of A as follows. Label the root of” by (py,d2, 1). Given a noder € T"
labeled by(p, d, o) tagged by(p;, w;, ). Let (p;, w;, j) be the minimalj > i such thatv; = w;. If j =i+1
then add one son te, label it (p;, d, L) and tag it(p;, w;, j). If j > i + 1, thenw;_; = v - w; for some
v € T and we add two sons to, label them(p;, p;, d, 5) and(p;, d, 5). We tag(p;,p;,d, 3) by (p;, w;, i)
and(p;, w;, j), and tag(p;, d, ) by (pj,w;,j), B is T if there is a visit toF' between locations andj in
r. If there is no other visit tav; thenw;;1 = v - w for somev € Y. We add one son te and label it
(pi+1, pr(d,v), L). Obviously the labeling and the tagging conform to the asssumption.

Given a noder labeled by(p, ¢, d, ) tagged by(p, w, i) and(q, w, j). Let (pg, w, k) be the first visit to
w between; andj. If £ = i + 1 then add one son te and label it(px, q, d, fo(pk,q)). If & > i+ 1 then
add two sons te: and label them{p, p,, d, f3, (p, pr)) and(px, ¢, d, f3,(px, q)) wherepsy, 3, are determined
according to the visits té&” betweeni andj. We tag(p, px, d, f, (v, px)) by (p, w, i) and(p, w, k) and tag
<pk7 t, d? fﬂQ (pka Q)> by <pk’7 w, k) and<Q7 wla .7>

If there is no visit taw between and; it must be the case that all tripletsiifbetween and; have the same
suffixv-w for somev € T (otherwisew is visited). We add one son tdabeled(p; 1, g;—1, p-(d, v), fa(p',d'))
and tagged byp;1,v - w,i + 1) and (p;j—1,v - w,j — 1). We are ensured that_; < CqLT(pT(d’“)) as
(T,pj) € 6(pj—1,7(v - w)).

Given an accepting ruff”, ') of A we use the recursive algorithm in Figure 1 to construct a ru$ o
(Y™, 7).

A nodez - a in T is advancingif the transition fromz to « - a results from an atont”(z - a), 1) that
appears im(r/(z)). An advancing node that is the immediate successor of a singleton state satisfies the
disjunctV ey V(v pyesp.nay (' pr(d, v), 1), 1) in n. We tag this node by the letter that was used to
satisfy the transition. Similarly, an advancing node that is the immediate successor of a pair state satisfies the
disjunctV v V w pyes(on, Lo (d) \/p,,eCPLT<d)((p’,p”,pT(d, v), fo(p',p")),1) in n. We tag this node by the
letterv that was used to satisfy the transition. We use these tags in order to build theSuwbien handling
advancing nodes we update the location on the Té@ccording to the tag. For an advancing nadee
denote bytag(z) the letter inY that tags it. A node ison advancingf the transition fromz to « - a results
from an atom(r’(x - a), 0) that appears in(r'(x)).

The functionbuild _run uses the variable to hold the location in the tre@*, 7). Working on a singleton
(p,d, a) the variableadd; is used to determine whethgwas already added to the run. Working on a pair
(p, q,d, a) the variableadd; is used to determine whethgrwas already added to the run and the variable
add,. is used to determine whethgwas already added to the run.

The intuition behind the algorithm is quite simple. We start with a notibeled by a singletotp, d, «).
If the node is advancing we updaieby tag(z). Now we addp to r (if needed). The case whesehas one
son matches a transition of the forf, p’) € §(p, L, (d)). In this case we move to handle the soncaind
clearlyp’ has to be added to the run In caseA = ¢ the son ofr is non advancing ang reads the same
locationw. Otherwisew is updated byA andp’ readsA - w. The case where has two sons matches a guess
that there is another visit to. Thus, the computation splits into two sofgsq, d, 5) and{q, d, 3). Both sons
are non advancing. The staievas already added toandgq is added to- only in the first son.

With a nodex labeled by a paiKp, ¢, d, ), the situation is similar. The case wherehas one non
advancing son matches a transition of the fdeys’) € 6(p, A). Then we move to the son. The statds
added tor but ¢ is not. The case where has two non advancing sons matches a splipto’, d, «;) and
(p',q,d,as). Onlyp' is added ta- asp andq are added by the current call to buitdn or by an earlier call
to build_run. The case where has one advancing son matches the move to the gtatg, p,(d, v), «) and

checking that/ € C’qLT(pT(d’”)). Bothp' andq’ are added to.
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It is quite simple to see that the resulting run is a valid and accepting rSroaf(Y*, 7).

build _run (z,r'(z) = (p,d, &), w, add;,add,) build_run (z,r'(z) = (p, q,d, a), w, add;, add,)

if (advancingg)) if (advancing())
w = tag(z) - w; w = tag(z) - w;
if (add;) if (add;)
r=r-(p,w); ri=r-(p,w);
if (x has one son - a) if (x has one son - a)
build_run (x - a,7'(z - a),w, 1,0) build_run (z - a,'(x - a), w, 1, 0)
if (x has two song - a andx - b) if (x has two song - a andzx - b both non advancing)
build_run (x - a,7'(z - a),w,0,1) build_run (z - a,7'(x - a), w, 0, 1)
build_run ( - b,'(z - b), w, 0, 0) build_run (x - b,'(z - b), w, 0, 0)

if (z has two sons - ¢ andzx - b both advancing)
build_run (x - a,'(z - a),w,1,1)

if (add,)
ri=re (g, w);

Figure 1: Converting a run of Ainto arun of S

U
U

The emptiness of a 1ABW can be determined in linear space [EL86]. For a LABW with one letter alphabet,
we can convert the 1ABW into a 1AWW [KV01b] and then use Theorem A.1. However, the construction in
[KVO1b] results in a quadratic blow up. Piterman and Vardi show that given a 1ABW as above, they can use
the special structure of the automaton to construct an equivalent LAWW with only a minor increase in the size
of the transition function and the number of states [PVO01b, Pit0Q].

Theorem A.4 Given a 2NBRS = (X, P, py, 6, F') and a regular treg Y™, 7) there exists a LAWW on 1-letter
alphabetA = ({a}, @, qo,n, F') such thatC(A) # 0 iff (T, 7) € £(S) and.A hasO(|P|? - ||7||) states and
the size of the transition functiond(|s| - |P|? - ||7|)).

B Lower Bund

It was shown by [BEM97] that the problem of model checking an LTL formula with respect to a pushdown
graph is EXPTIME-hard in the size of the formula. The problem is polynomial in the size of the pushdown
system inducing the graph. Our algorithm for model checking an LTL formula with respect to a prefix-
recognizable graph is exponential both in the size of the formula aj@sin

As prefix-recognizable systems are a generalization of pushdown systems the exponential resulting from
the formula cannot be improved. We show that also the exponent resultingfgorannot be removed. We
use the EXPTIME-hard problem of whether a linear space alternating Turing machine accepts the empty tape
[CKS81]. We reduce this question to the problem of model checking a fixed LTL formula with respect to the
graph induced by a prefix-recognizable system with a constant number of states and transitions. Furthermore
Q. andQ,, depend only on the alphabet of the Turing machine. The compdpgedbes ‘all the hard work’.
Combining this with the above algorithm we get the following.
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Theorem B.1 The problem of model checking the graph induced by the prefix-recognizable dystem
24PV, Q, L, T, qo, z0) is EXPTIME-complete ifQ 3.

Proof: Consider an alternating linear-space Turing machihe= (I, S, Se, —, S0, Face, Frej), Where the

four sets of statesS,,, Se, Fuc., andF,.; are disjoint, and contain the universal, the existential, the accept-
ing, and the rejecting states, respectively. We denote their union (the set of all states)Cyr model of
alternation prescribes thatC S x I' x S x I' x {L, R} has a binary branching degree. When a universal

or an existential state df/ branches into two states, we distinguish between the left and the right branches.
Accordingly, we us€(s,a) —' (s;,b;,4;) and(s,a) —" (s.,b,,A,) to indicate that whern/ is in state

s € S, U S, reading input symbat, it branches to the left witks;, b;, A;) and to the right with(s,., b, A,.).

(Note that the directions left and right here have nothing to do with the movement direction of the head; these
are determined by\; andA,..)

Let f : N — N be the linear function such that/ usesf(n) cells in its working tape in order to
process an input of length. We encode a configuration off by a stringsy1v2 ... (1, %) --- V¢ That
is, a configuration starts with the state [af, all its other letters are i, except for one letter if |} x T
The meaning of such a configuration is thatpﬁlécell in the configuration, fot < j < f(n), is labeled
75, the reading head points at ceJland M is in states. For example, the initial configuration dff is
so(l,b)b---b (with f(n) — 1 occurrences 0b’s) whereb stands for an empty cell. A configuratiehis a
successor of configuratianif ¢’ is a left or right successor ef We can encode now a computationidfby
a tree whose branches describe sequences of configuratidfisTfie computation is legal if a configuration
and its successors satisfy the transition relation.

Note that though{ has an existential (thus nondeterministic) mode, there is a single computation tree that
describes all the possible choicesMf Each run ofM corresponds to a pruning of the computation tree in
which all the universal configurations have both successors and all the existential configurations have at least
one successor. The run is accepting if all the branches in the pruned tree reach an accepting configuration.

In order to make sure that/ does not accept the empty tape, we have to check that every legal pruning
of the computation tree af/ contains one rejecting branch.

Given an alternating linear-space Turing machiieas above, we construct a prefix-recognizable system
R and an LTL formulap such thatG |= ¢ iff M does not accept the empty tape. The syskehas a constant
number of states and rewrite rules. For every rewrite tule;, 3;,vi, ¢') we have that the languages of the
regular expressions; and-y; are subsets df U ({|} x I') U S U {e}. The language of the regular expression
B;, can be encoded by a nondeterministic automaton whose size is lineaffime LTL formulay does not
depend on the structure o1.

The graph induced by: has one infinite trace. This trace searches for rejecting configurations in all
the pruning trees. The trace first explores the left son of every configuration. If it reaches an accepting
configuration, the trace backtracks until it reaches a universal configuration for which only the left son was
explored. Itthen goes forward again and explores under the right son of the universal configuration. If the trace
returns to the root without finding such a configuration then the currently explored pruning tree is accepting.
Once a rejecting configuration is reached, the trace backtracks until it reaches an existential configuration for
which only the left son was explored. It then explores under the right son of the existential configuration. In
this mode, if the trace backtracks all the way to the root, it means that all pruning trees were checked and that
there is no accepting pruning tree fof.

LetV = (S x {I,r}) UT U (T x {|}) and let(s,1) - o1 ...05(n) - (s',d)ot ... 0¥, be a configuration
of M and its left successor. We also sgtto (s, ) anda} to (s',d). Givens, o; and the unique; for which
o; = (l,~) forsomey € I', we know, by the transition relation af, whato—§ should be. In addition a symbol
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from S x {l,r} should repeat exactly eveffyfn) + 1 letters. Letrext;((s, 0, 0;)) denote our expectation for
ol. Thatis,next;((s, (s,1), (1,7;))) = (s, d) where(s,v;) —! (s,7j,), and

Vi j=i+1and(s,it1) Hj (s's%ip1, R)
(l,7) j=1i+1and(s,vit1) =" (5,711, L)
next;({(s,vi, (1,7;))) = . i+l
({557, (1 7])>) ~; j=1i—1and(s,vi1) N (5/’% le)
(l,7) j=i—1and(s,7i-1) —' (s,7_1. R)
o i=jand(s,v) =" (5,7, a)

The expectatiomext, ((s, 04, 0;)) for the letters], which is theith letter in the right successor of the config-
uration is defined analogously (the state component is augmented iniitead of). Consistency witmext;
andnext, now gives us a necessary condition for a sequenég*ito encode a branch in the computation
tree of M.

The prefix-recognizable system starts from the initial configuratiod/of It has two main modes, a
forward mode and &ackwardmode. In forward mode, the system guesses a new configuration. The con-
figuration is guessed one letter at a time, and this letter should match the funetiohior nezt,.. If the
computation reaches an accepting configuration, this means that the currently explored pruning tree might
still be accepting. The system moves to backward mode and remembers that it should explore other universal
branches until it finds a rejecting state. In backward universal mode, the system starts backtracking and re-
moves configurations. Once it reaches an universal configuration that is markeitiieyplaces the mark by
r and moves to forward mode and explores the right son. If the root is reached (in backward universal mode),
the computation enters a rejecting sink. If in forward mode, the system reaches a rejecting configuration, then
the currently explored pruning tree is rejecting. The system moves to backward mode and remembers that it
has to explore existential branches that were not explored. Hence, in backward existential mode, the system
starts backtracking and removes configurations. Once it reaches an existential configuration that is marked
by I, the mark is changed toand the system returns to forward mode. If the root is reached (in backward
existential mode) all pruning trees have been explored and found to be rejecting. Then the system enters an
accepting sink. All that the LTL formula has to check is that there exists an infinite computation of the system
and that it reaches the accepting sink. Note that the prefix-recognizable system accepts, when the alternating
Turing machine rejects and vice versa.

More formally we have the LTL formula is-eject and the rewrite system B = (247, V, Q, L, T, qo, o)
where

AP = {reject}

V=(Sx{L,R})UTU({]} xT)

Q = {forward, backwards, backwardy, sink,, sink, }

L(g,a) = { 0 q # sink,

{reject} q = sink,
e qo = forward
o zo=_1-(s0,0)-(l,b)-b...b

In order to define the transition relation we use the following languages.
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7 /

1 TN~ LT N f(n)—i—i=2 (o g\ LT | T nextq((s,v, (1,7)))

Legal {(Svd) I Y I’ (la/y ) r (S 7d) r Y andd, d e {Z,T}
7 /

2 LT N TG .~ TF)—i—f=2 (o g\ T+l | T nextq((s,7, (1,7)))

Legal {(Sad) I (lvV) I’ Y r (S 7d) I Y andd, d e {l,’f‘}
" /

3 _ LT N o) —i—1 (ot g T | T nextq((s,v, (1,7)))

Legal {(S, d) I (lvfy) r (S 7d) r Y andd, d e {Z,T}

s' = nextq((s, (s,d), (1,7"))) }

4 — LT N .fn)—i—=1 (o gt
Legal {(Sad) r (l:fY) r (S,d) andd,d/e{l,T}

Legal = {J-} SVE (Légal U ngal U ngal U Légal)

Thus, this language contains all words whose last letter is¢éhe; or next, correct successor of the
previous configuration.

Accept = {J—} SVE. {Facc X {lar}}
Thus, this language contains all words whose final letter is an accepting state.

Reject = {J—} SV {Frej X {l,’l"}}
Thus, this language contains all words whose final letter is a rejecting state.

s =T UL} x TYU((S\ Su) x {IHU (S x {r})
Thus, this language contains all the letters that are not universal states maiked by

emose =T U ({1} x D) U((S\ Se) x {IHU (S x {r})
Thus, this language contains all the letters that are not existential states maiked by

Clearly the languageb.  qi, Accept, aNd Reje; Can be accepted by nondeterministic automata whose size is
linearin f(n).
The transition relation includes the following rewrite rules:

1.

(forward,{€}, Legar, V' \ (S x {r}), forward) - guess a new letter and put it on the store. States are
guessed only with directiain The fact that_.,,; is used ensures that the currently guessed configuration
(and in particular the previously guessed letter) is the successor of the previous configuration on the
store.

(forward, {€}, Accept, {€}, backwardy) - reached an accepting configuration. Do not change the store
and move to backward universal mode.

. (forward, {€}, Reject, { €}, backwards) - reached a rejecting configuration. Do not change the store and

move to backward existential mode.

. (backwardy, RowsiD v, {e}, backwardy) - remove one letter that is not i#}, x {i} from the store.

. (backwardy, Sy x {l},V*, S, x {r}, forward) - replace the markingby the marking- and move to

forward mode. The statedoes not chande

4Actually, we guess all states .. As we change state iniforward, the next transition verifies that indeed the state is the same

State.

23



6. (backwardy,e,{L}, ¢, sink,) - when the root is reached in backward universal mode enter the rejecting
sink

7. (backwards, fﬁﬁ,él@}, V*,{e}, backwards) - remove one letter that is not . x {l} from the store.

8. (backwardsz, Se x {l},V*,Se x {r}, forward) - replace the markingby the marking- and move to
forward mode. The statedoes not change.

9. (backwardsz, e, { L}, €, sink,) - when the root is reached in backward existential mode enter the ac-
cepting sink

10. (sinkq,€,{L}, ¢, sink,) - remain in accepting sink
11. (sink,,e, { L}, €, sink,) - remain in rejecting sink

U

C Reduction from model-checking of prefix-recognizable systems to membership of 2NBP

We prove Theorem 4.2

Proof: As before we use the NBWA_, = (247 W, -, wo, F).
We defineS = (%, P, pg, 6, F') as follows.

o X =V xII, Dy,

o P={(w,q,s,t;)|weW, qeQ, ti=(d, 0,7 q €T, ands € Qq, UQ~,}
Thus, S holds in its state a state o¥1, a state inQ, the current state id), or @, and the current
rewrite rule being applied. A statev, ¢, s, (¢, i, 5, 7i, ¢)) is an action state i is an accepting state
of U,,, that iss € F,,. In action statesS chooses a new rewrite rute = (g, a7, Bi7,vir,¢’). Then
S updates the\! component according to the current location in the tree and moves to a sfate,in
the set of accepting statesidgf ,. Other states are navigation statess & @, is a state ifl/,, (thatis
not accepting), the§ chooses a direction in the tree, a successor of the stéle ireading the chosen
direction, and moves in the chosen directions IE Q,, is a state ol4,, thenS moves up the tree
(towards the root) while updating the statéff . If s = ¢J, is the initial state of/,, andr(xz)[i] € Fj,
marks the current nodeas a member of the language®fthenS moves to the initial stategi ofU,,
(recall that initial states and accepting states have no incoming / outgoing edges respectively).

e po = (wo, qo, To, t,) Wheret is an arbitrary rewrite rule.

Thus,S navigates down the tree to the locatian There, it chooses a new rewrite rule and updates the
state ofM and the) component accordingly.
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e The transition function is defined for every state iff and letter in¥) = V' x II7"_, Dg, as follows.

(<w7 q, Sla ti>’ T)

ti = (d, i, Bi, vi, q) } U
S € nai(S/,O‘[O])

ti: <q/7ai7ﬂi7’7’i7q>7 SEQO{
(<w7 q, S0, tl>7 6) § = qil)lphai’ S0 = quy
andol(i] € Fp,

5(<w7Q7S’t>7U) = /
((w,q, s, t;), B) s Ny (s,B)andB € V
ti = {q, i, Biy iy q),
tir = (q, ap, Bir,vir, )
w/, //,s/,t», , € i » Bty Mty ’
((w',q ) €) w' € n-,(w, L(g, 0[0])),
s e F%. ands’ € Fai/

t; = <q/>ai7ﬁi77iaq> } U

s€Qy

Thus, whens € @, the 2NBPS either chooses a predecessoof s and goes up the tree or in case
is the initial state ot{,, ando[i] € Fj, thenS chooses the initial statf. of I,

Whens € @), the 2NBPS either guesses a directid® and chooses a successoof s readingB or
in cases € F,, is an accepting state 6f,,, the automatoi updates the state o¥1, chooses a new
rewrite rulet; = (q, oy, By, 77, ¢") and moves to an accepting statefin, of i, .

o ["={(w,q,s,t;) |lweF, qeQ, ti ={(q,,biq), ands € F,, }

Only action states may be accepting. As accepting states have no outgoing edges, in an accepting run,
no navigation stage can last indefinitely.

As before we can show that a trace that violateand the rewrite rules used to create this trace can be used
to produce a run of on (V*, 73).

Similarly, an accepting run & on (V*, 73) is used to find a trace i& r that violatesp. (]

D Proof that the reduction works

ClamD.1 G = ¢ iff G = ¢

We first need some definitions and notations. We define a partial fungtioom traces inG g/ to
traces inGg. Given a tracer’ in Gg, if 7’ = ¢} theng(s’) is undefined. Otherwise, denoté =
(ph, wo), (P, w1),...and

(71'/) _ (p7 'LUO), g(ﬂgl) p6 = <p7 t Ch'?"Ul€>
9 g(m51) py = (p,t, ) anda # ch-rule

Thus, g picks from#’ only the configurations marked hy:-rule, it then takes the state frof) that marks
those configurations and the store. Furthermore given two trdcasdg(7’') we define a matching between
locations inz’ in which the configuration is marked ly:-rule and the locations ig(7’). Given a location

in g(7’) we denote by:(i) the location int’ of thei-th occurrence oth-rule alongn’.
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LemmaD.2 1. Forevery tracer’ of Gy, g(7') is either not defined or a valid trace 6f5.
2. The functiory is a bijection betweerdomain(g) and the traces ofr .

3. For every tracer’ of Gr such thaty(r’) is defined, we haver', ch(i)) &= () iff (g(7'),1) E ¢

Proof: 1. Supposg(n’) is defined, we have to show that it is a trace(®t. The first pair in7’ is
({qo, t, ch-rule), z9). Henceg(n') starts from(qo, z¢). Assume by induction that the prefix gfr’) up
to locationi is the prefix of some computation @ir. We show that also the prefix up to location 1
is a prefix of a computation. L€{q, ¢, ch-rule), z) be thei-th ch-rule appearing int’, then thei-th
location ing(7’) is (¢, z). The computation oR’ chooses some rewrite rule= (q, a;, 5i,7i,¢') € T
and moves to statg/, ¢, s) wheres € F,,. It must be the case that a staté t, ch-dir) appears in the
computation ofR’ after locationch(i). Otherwise, the computation is finite and does not interest us.
The systemR’ can move to a state marked by-dir only from qgi, the initial state ot{,,. Hence, we
conclude thatr = y - z wherey € «;. As not_wrong is asserted everywhere alorgwe know that
z € ;. Now R’ adds a word/’ in v; to z and reaches staféy’, ¢', ch-rule), y’ - z). Thus, the transition
t is possible also iR and can lead froniq,y - z) to (¢, v/ - 2).

2. Itis quite clear thay is an injection. As above, given a traggn Gz we can construct the traee in
G g such thay(n') = .

3. We prove thatr, i) = ¢ iff (7', ch(i)) = ¢ by induction on the structure of.

e For a boolean combination of formulas the proof is immediate.

e For a propositiorp € AP, it follows from the proof above that if in locatiohin g(7’) appears
state(q, =) then in locatiorch(7) in 7’ appears stat€q, t, ch-rule), z). By definitionp € L(q, x)
iff p € L'({q,t, ch-rule), ).

e For a formulay = ¢1U,. Supposdg(n’),i) = ¢. Then there exists some> 4 such that
(9(7"),7) E v9 and for alli < k < j we have(g(n’), k) = 1. By the induction assumption
we have tha{r’, ch(j)) = f(v2) (and clearly,(7’, ch(j)) E ch-rule), and for alli < j < k
we have(n’, ch(k)) = v1. Furthermore, as every location marked diyrule is associated by
the functionch to some location iry(#’) all other locations are marked bych-rule. Hence,

(', ch(i)) b= (ch-rule — f (1) U(F (t2) A ch-rule),

The other direction is similar.
e For a formulap = (O the argument resembles the one abovéfor

We note that for every trace andg(=’) we have thath(0) = 0. Claim D.1 follows immediately.

E The construction of the prefix-recognizable system

Given a pushdown syste® = (247, V,Q, T, L, qo0, zo) With a regular labeling function, we construct a
prefix-recognizable syste® = (247" V, Q', T", L', ¢}, xo) with simple labeling as follows.

e AP’ = APU{start}. The propositiorstart marks the beginning of the sequence of length1 states
of G/ that relates to one state 6f;.
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o Q' =(QxAPx{L, THU(Q x {start}). A state(q, z) in Gp relates to the sequence that starts with
({q, start), x), continues tq{(q, p1, A1), ) where\; is as before, and then proceedg (@, p2, A\2), x)
and forward until( (g, pp, \n), x).
e I'((q,start),z) = {start}.
L/((Q7p7 T)v .T) = {p}
L'((¢,p, L),z) = 0.
d Té - {(<q7 Start>7 €, Rq,pz y € <Q7 P1, T>)7 (<q7 StaT’t>, €, }N%q,pJ ) € <Q7p1 ’ L>) | q € Q}
Forl < i < n we have
CZ—;, = { (<Q7pl7 C¥>, €, Rq,pi.H , € <Q7pi+1a T>)7 (<Q7pl7 C¥>, €, Eq,pi.H ; € <Q7pi+1a J—)) | q € Q a.ndOé S {J—) T} }
T! ={({q,pn, ), A, V* {z}, (¢, start)) | g € Q, a« € {L, T}, and{q, A, z,¢') € T}

Finally, we havel” = (Ji.; 7. Thus, from a configuration marked py we move to a state marked
by p; 11 without changing the store. We mayk,, as true or false according to the store. From a
configuration marked by,, we apply a new rewrite rule according to the first letter in the store.

e g, = (qo, start).
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