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Abstract

We define the class of micro-macro stack graphs, a new
class of graphs modeling infinite-state sequential systems
with a decidable model-checking problem. Micro-macro
stack graphs are the configuration graphs of stack automata
whose states are partitioned into micro and macro states.
Nodes of the graph are configurations of the stack automa-
ton where the state is a macro state. Edges of the graph
correspond to the sequence of micro steps that the automa-
ton makes between macro states. We prove that this class
strictly contains the class of prefix-recognizable graphs. We
give a direct automata-theoretic algorithm for model check-
ing � -calculus formulas over micro-macro stack graphs.

1 Introduction

One of the most significant developments in the area of
formal design verification is the discovery of algorithmic
methods for verifying on-going behaviors of reactive sys-
tems [18, 40, 37, 19, 45]. In model-checking, we verify
the correctness of a system with respect to a desired be-
havior by checking whether a mathematical model of the
system satisfies a formal specification of this behavior (for
a survey, see [20]). Traditionally, model checking is ap-
plied to finite-state systems, typically modeled by labeled
state-transition graphs, and to behaviors that are formally
specified as temporal-logic formulas or automata on infinite
objects. Symbolic methods that enable model-checking of
very large state spaces, and the great ease of use of fully
algorithmic methods, led to industrial acceptance of model-
checking [2, 21].�
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In recent years, researchers extended the applicability of
model-checking to infinite-state systems. An active field of
research is model-checking of infinite-state sequential sys-
tems. These are systems in which each state carries a finite,
but unbounded, amount of information, e.g., a pushdown
store. This research origins in The origin of this research is
the result of Müller and Schupp that the monadic second-
order theory of context-free graphs is decidable [39]. As
the complexity involved in that decidability result is nonele-
mentary, researchers sought decidability results of elemen-
tary complexity. At the same time, researchers sought de-
cidability results for larger classes of systems. Algorithms
for simpler logics and more general systems have been pro-
posed. The most powerful results are an exponential-time
algorithm by Burkart for model checking the � -calculus
with respect to prefix-recognizable graphs [8] and decidabil-
ity of monadic second-order theory of high order pushdown
graphs [31]. See also [12, 15, 47, 10, 11, 4, 7, 25, 13, 9, 34]

The class of high order pushdown graphs strictly con-
tains the class of prefix-recognizable graphs [31], and the
class of prefix-recognizable graphs strictly contains the
class of pushdown graphs [15], which in turn strictly con-
tains the class of context-free graphs [17]. These classes are
defined in terms of certain rewrite rules. More powerful no-
tion of rewrite rules yield even larger classes of graphs. The
class of synchronized rational graphs strictly contains the
class of high order pushdown graphs and in turn is strictly
contained in the class of rational graphs. Only the first-
order theory of synchronized rational graphs is, however,
decidable (cf. [6, 43]). It is undecidable even to deter-
mine if some vertex is reachable from another vertex (cf.
[43]). For rational graphs even first-order theory is undecid-
able [38]. To the best of our knowledge the class of prefix-
recognizable graphs is the largest class of graphs modeling
sequential systems for which there is an elementary model
checking algorithm of � -calculus.

In this paper we present the class of micro-macro
stack graphs, which strictly contains the class of prefix-
recognizable graphs and for which model checking � -



calculus formulas is decidable in elementary time. Ev-
ery graph in our class has a simple finite representation in
terms of natural rewrite rules. The extension from prefix-
recognizable graphs to micro-macro stack graphs is anal-
ogous to the extension from pushdown graphs to prefix-
recognizable graphs, as we now explain.

The nodes of a pushdown graph are words over some
finite alphabet. Such a word represents the store content
and the internal state of a pushdown automaton. A tran-
sition corresponds to the move of a pushdown automaton
when reading some input letter (i.e. popping the top of the
store and pushing a finite sequence). The nodes of prefix-
recognizable graphs are again words representing the inter-
nal state with the content of the pushdown store. Every
transition is a triplet of regular languages. Application of
the rewrite rule ���	��
���
�� on a node � consists of finding a
partition ����� of � such that � is in the regular language �
and � � is in the regular language 
 , and then replacing the
prefix � by some prefix � in the regular language 
 , reach-
ing node ��� � . Prefix-recognizable graphs correspond to the
configuration graphs of pushdown automata when the � -
transitions are factored out [41, 3]. Indeed, a pushdown au-
tomaton can do a series of � -transitions that remove � from
the pushdown store while checking that � is in the language� . Making sure that the suffix � � is in the language 
 can be
done by adding information to the store. Finally, another se-
quence of � -transitions adds � to the store. We can think of
the � -transitions as micro steps that are not exhibited in the
prefix-recognizable graph. Then, advancing transitions of
the pushdown automaton are macro steps that are exhibited
in the prefix-recognizable graph.

There is another way to let the pushdown automaton
check that the suffix � � is in the language 
 . This is by al-
lowing the automaton to read the entire contents of the store.
This is the type of behavior of stack automata [27, 26, 29].
Just like pushdown automata, stack automata have a finite
but unbounded store, they can change only the top of the
store by either removing the letter on top of the store or by
adding a finite sequence of letters on top of the store. Un-
like pushdown automata, stack automata can read the entire
contents of their store. A stack automaton can navigate on
its store, checking its entire contents. It can change the con-
tents of the store only when it visits the top of the store.
Thus a prefix-recognizable graph can be viewed also as the
pruned configuration graph of a stack automaton. The fol-
lowing sequences of micro steps are removed: (a) removing
the prefix of the pushdown store while checking that it is in
the regular language � , (b) going to the bottom of the store
and checking that the remaining suffix is in the language 
 ,
and (c) adding a sequence of letters from the regular lan-
guage 
 to the store.

In our framework we offer a more flexible partition into
micro and macro states. We let the automaton itself desig-

nate which states should be left unnoticed and which states
correspond to a change in the graph. We refer to such
stack automata whose state set is partitioned into micro and
macro states as micro-macro stack automata. The nodes of a
micro-macro stack graph correspond to configurations of a
micro-macro stack automaton whose state is a macro state.
Edges of the graph correspond to the change performed via
a sequence of micro states.

We show that micro-macro stack graphs strictly contains
the class of prefix-recognizable graphs. We give two ex-
amples of micro-macro stack graphs that are not prefix-
recognizable. First, as mentioned, prefix-recognizable
graphs are the configuration graphs of pushdown automata.
Thus, the prefix-recognizable graphs, when considered as
acceptors of languages, recognize the context-free lan-
guages [41]. We give a micro-macro stack system whose
graph accepts a language that is not context free. Second,
under some conditions on prefix-recognizable graphs, Blu-
mensath gives information on the size of the encoding of
the nodes of a prefix-recognizable graph [3]. We give a
micro-macro stack system whose graph does not meet Blu-
mensath’ characterization. The class of micro-macro stack
graphs is (strictly) contained in the class of synchronized
rational graphs. Indeed, we show that model checking the� -calculus over micro-macro stack graphs is decidable in
elementary time. Thus, micro-macro stack graphs consti-
tute a new frontier of elementary decidability for sequential
systems. of decidability for sequential systems.

Our model checking algorithms are automata based. The
automata-theoretic approach to verification uses the the-
ory of automata as a unifying paradigm for program spec-
ification, verification, and synthesis [46, 36, 35]. Au-
tomata enables the separation of the logical and the algo-
rithmic aspects of reasoning about systems, yielding clean
and in many cases asymptotically optimal algorithms. The
automata-theoretic framework for reasoning about finite-
state systems has proven to be very versatile. Recently,
the automata-theoretic approach to verification has been ex-
tended to infinite-state sequential systems [34, 32]. Our
model-checking algorithms for micro-macro stack graphs
extend the algorithms in [34, 32]. In general, the automata-
theoretic approach to branching-time model checking uses
a reduction to the emptiness problem of alternating tree au-
tomata. In the following we show that for micro-macro
stack graphs, the model checking of branching-time spec-
ifications can be reduced to the emptiness problem of alter-
nating stack tree automata.

The class of micro-macro stack graphs is contained in
the class of high order pushdown graphs. In order to check
the contents of the stack a high order pushdown puts a fresh
copy of the first order pushdown on the second order push-
down and removes the top of the first order pushdown. The
information is not lost, it is stored in the old copy in the sec-



ond order pushdown. It follows that the monadic second-
order theory of micro-macro stack graphs is decidable.

2 Transition Graphs and Rewrite Systems

A labeled transition graph is � � ���������! "��#$�&%('(� ,
where � is a finite set of labels, � is a (possibly infi-
nite) set of states,  *)+�-, � is a labeling function,#/.0�213� is a transition relation, and %('542� is an ini-
tial state. When #768%9�&% �;: , we say that % � is a successor of% , and % is a predecessor of % � . For a state %<4=� , we
denote by �?>@�A�B���&���& C�!#D��%(� , the graph � with % as
its initial state. An % -computation is an infinite sequence% ' �&%FEG�IHJHIH"4K��L such that % ' �M% and for all NPORQ , we
have #768%(S!�&%(S;T E : . An % -computation %('U��% E �IHJHJH induces the% -trace  �68%I' :DV  �68% E :WVJVJV . The set X > is the set of all % -traces
and XZY[�\X >^] is the set of all initialized traces in � .

A rewrite system is _<�`�B���&a��&bc�& C��d"�!eJ'F��fg�ihj� , where� is a finite set of labels, a is a finite alphabet, b is a finite
set of states,  k)9b21la T ,m� is a labeling function, d is a
finite set of rewrite rules, to be defined below, eI'g4nb is an
initial state, fo4pa is a store-top symbol, and hq4pa is a
store-bottom symbol. We assume that the store-top symbol
is moved whenever the store is extended. We assume that
both store-bottom and store-top cannot be removed from
nor added to the store and that the system does not try to
go below the store-bottom or above the store-top. The set
of configurations of the system is a subset of br1sa T . In-
tuitively, the system has finitely many control states and an
unbounded store. Thus, in a configuration 6�et��� : 4ubv1ca T
we refer to e as the control state and to � as the store.

We consider here the well known prefix-recognizable
systems and introduce micro-macro stack systems.
In a prefix-recognizable system, each rewrite rule is��et�!�	��
���
��!e � �k4wbx1 reg 68a : 1 reg 6�a : 1 reg 68a : 1kb ,
where reg 6�a : is the set of regular expressions over a .
Thus, dy.=b=1 reg 68a : 1 reg 68a : 1 reg 6�a : 1zb . For a
word {|4oa~} and a regular expression �@4 reg 68a : we
write {�4=� to denote that { is in the language of the
regular expression � . We note that the standard definition
of prefix-recognizable systems does not include control
states [15]. Indeed, a prefix-recognizable system without
states can simulate a prefix-recognizable system with states
by having the state as the first letter of the unbounded store.
We use prefix-recognizable systems with control states for
the sake of uniform notation.

In a micro-macro stack system (or mMs system for
short), the set a contains a special symbol � , the set of
states b is partitioned into the set � of micro states and
the set � of macro states, and every configuration contains
exactly one occurrence of the symbol � . More formally, de-
note a � �vav�"�(���ifg��h�� then the set of possible store con-
tents is ��d��j_j���z�K�Ff�� V 68a ��: } V �I��� V 6�a ��: } V ��h��	�s�I�

� V �Ff�� V 68a ��: } V ��h�� (recall that h and f cannot be re-
moved from nor added to the store). Each rewrite rule of an
mMs system is ��et�&�?�!�t�i�i�&e � ��4ubv1P68a3���I�Z� : 1g����d31cb
where ����d2.\�&�D�����!�P�D���P���&%!���D�?�!�D�7%G��6�� :�� �c4[68a ��: � .
Here, �P� , �+� , and %!� stand for move down, move up, and
stay put, respectively and we demand that the set ����d is
finite. A configuration in �01l��d��j_j��� is a micro config-
uration and a configuration in ��15��d��j_j��� is a macro
configuration. The labeling function  associates with ev-
ery configuration of a rewrite system a label. The labeling
depends only on one letter of the store � , as we explain be-
low. Thus, we may write  v)�bK1 a¡,¢� . When a rewrite
system _ is in configuration 6�et��� : such that  "68et��� : �=�
for some �l4s� we say that _ signals � .

A rewrite system _ induces a labeled transition graph�¤£y�¥������bx1¦a T �! � ��#t£§�I68e ' ��� ' : � . A labeled transi-
tion graph that is induced by a prefix-recognizable sys-
tem is called a prefix-recognizable graph. A labeled tran-
sition graph that is induced by an mMs system is called a
micro-macro stack graph (or mMs graph for short). For a
prefix-recognizable system the states of �?£ are the config-
urations of _ , the initial store content is �$'/�¢f¤h , and��68et�!� : �I68e � �&� ��: �u42# £ if there is a rewrite rule in d lead-
ing from configuration 6�et�!� : to configuration 6�e � �!� �¨: . For
an mMs system the states of � £ are the macro configu-
rations of _ , the initial store content is �$'`�©fª�«h ,
and ��6�et�&� : �I68e � �!� �¨: �g4¬# £ if there is a sequence of rewrite
rules in d leading from configuration 6�et�!� : to configuration6�eF�8�!��� : by a series of micro configurations. Formally, if _ is
a prefix-recognizable system, then #�£­6!6�et�!� V � : �I6�e � ��� �UV � :�:
if there are regular languages � , 
 , and 
 such that �z45� ,�x4y
 , � � 4y
 , and �8et�!�	��
���
��&e � �@4®d . The label-
ing of a state 6�et�!��� : is  �6�et�!� : . In order to consider the
case of an mMs system we need a few definitions. Let¯ 6°{­±n�¬�9{ E h : �M� , where �\4²a ,

¯ 6��kf�{�h : �®f ,
and

¯ 6°{¡�uh : �rh . This describes the letter in the store
read by the mMs system. In order to define the effect of
applying a rewrite rule on a configuration we define the par-
tial function ³«)���d��j_��g�¦1n����dr,©��d��j_j��� . This
function gives the new content of the store and is defined
below. We assume that the system never moves up when it
is at the top of the store nor down when it is at the bottom
of the store.

´ ³j6°��f��U{jhg���D��� : ���?f�{jh .
´ ³j6°��f�{�hg���D�7%G��6�� :�: ����f��U{jh .
´ ³j6°{ ± �?�U{"Eµhg�!�P� : �v{ ± �j�¤{"EJh .
´ ³j6°{­±J�j�¤{ E hg�!�+� : �k{­±­�?�9{ E h .
´ ³j68%9�&%!� : �¶% .
A sequence of micro steps from a macro configuration6�et�&� : to macro configuration 68e � �!� �¨: is a sequence 68e E �&� E : ,



6�eJ±U�!�G± : , HJHJH , 6�eI·W�!�G· : such that 6�et�&� : �r68e E �!� E : , 6�e � �!� ��: �6�eJ·7�&�G· : , forall ¸c¹\N�¹\º we have eIS­45� , and forall ¸c»N"¹2º there exists a rewrite rule ��e S � ¯ 6�� S : �!�t�i�i�&e S;T Eµ�j43d
and ³j6�� S �!�t�i� : �x� S¨T E . Finally, for a pair of macro con-
figurations we have ��6�et�&� : �I68e � �&� � : �c4k#t£ if there exists a
sequence of micro steps from 6�et�&� : to 6�e � �!� �¨: . Note that the
mMs system collects information on the content of the stack
and stores it in its control state. In particular, when standing
on top of the store the mMs system always reads the sym-
bol f and relies solely on the control state to choose its next
action. The labeling of a state 68et�!� : is  "68et� ¯ 68� :!: .1 We de-
mand that the initial state of an mMs system be a macro
state. This way we are ensured that the induced mMs graph
has a single initial state. The work in this paper can be eas-
ily generalized for the case that there are many initial states.

Example 2.1 Consider the following mMs _ � ��(�$�&¼G�&�F�!��� , �(����fg�ih�� , b ,  , d , e ' , f , h½� where b-��(e ' �!eµ¾t�&eI¿��!e(Àµ�&eIÁI�!e(ÂU� , the state eJ¾ is the only micro state, "6�eJÃ��&� : �` "6�eJÃD�if : �` �6�eµÃD��h : �@
 for 
p4¬�(�$�&¼G�&�F�!���
and  "68eµ'9�!� : �` "6�eJ'U�ih : �`� . Finally, d includes the fol-
lowing transitions.

´ ��eJ'U��hg�!�+���!e ¾ � - signal � (state eJ' ) and move to a
guessing state.

´ ��eJ¾��ifg���D�7%G��6�� : �!eJ¾(� - guess a number of � and put it
on the store.

´ ��eJ¾��ifg���Ä���&eI¿G� - nondeterministically decide to start
signaling � .

´ ��e ¿ �!�?�!�P�D�!e ¿ � - go down the store while reading �
and signaling � .

´ ��e ¿ ��hg���P���!e À � - when reaching the bottom of the store
start signaling ¼ .

´ ��e À �&�?���P���!e À � - go up the store while reading � and
signaling ¼ .

´ ��e À �ifg���Ä���&e Á � - when reaching the top of the store
start signaling � .

´ ��e(ÁJ�&�?�!�P�D�!e(Á&� - go down the store while reading �
and signaling � .

´ ��e(ÁJ�ihg�&%!���&eIÂ(� - when reaching the bottom of the store
start signaling � .

´ ��e Â �ihg�&%!���&e Â � - signal � indefinitely.

1The choice to set the labeling according to ÅjÆ�ÇJÈ is the most general.
We can emulate labeling according to the top of the store by remembering
the top of the store as part of the control. Similarly, regular labeling, that
depends on the membership of the entire store content in some regular
language can be emulated by remembering the state of a deterministic finite
automaton for the regular language on the store.

This system produces a ‘star’ of infinite degree. The center
of this star is the initial state and each ‘ray’ is a sequence�9� · ¼ · � · �UL for some º . It does so by guessing some number
of � and put them on the store. Then it moves up and down
the store while signaling � , ¼ , and � .
Example 2.2 Consider the mMs system _|�É�s�(�$�&¼G� ,�Ffg�ihg�!�¤� , �(eJ'U���F�&Ê��8��� ,  , d , eJ' , f , h¶� where �Ë�o�(�9� ,� �Ë�(eJ'U�!Ê������ . The labeling function  associates with
state Ê the symbol � and with states eI' and � the symbol ¼ .
The set of rewrite rules d contains the following rules.

´ ��eJ'U�ihg�&%!���!�F� - move to micro state � .
´ �°�F�ihg���P���&Ê8� - bottom of the store, switch to state Ê .
´ ��Ê���fg��%������7� - top of the store, switch to state ‘push’.

´ ��Ê��!�����P���&Ê8� - move up the store.

´ �Ì����fg�8���W%(��6�� : �!�F� - extend the store, switch to state � .
´ �°�F�ifg���Ä���!���i�I���F�!�����Ä���!�F� - move down.

This system is in fact a unary counter. It ‘outputs’ 1, then
2, then 3, and so on ad-infinitum. It does so by going to the
bottom of the store, then while it goes to the top of the store
it signals � with every move. When reaching the top of the
store it extends the store with one symbol and signals one ¼ .
Thus, the first two ¼ symbols are separated by one � . Then
before the third ¼ symbol there are 2 � s, and generally theN th ¼ is separated from the next ¼ by the sequence � S .

It is quite easy to see that given a prefix-recognizable
system _ we can construct an mMs system _ � such that �?£
and �¤£WÍ are isomorphic. The set of macro states of _ � cor-
respond to the set of states of _ and the set of micro states
of _ � correspond to the states of automata that recognize the
regular languages in the transitions of _ . The mMs system_ � mimics a transition ��et�!�	��
���
��!e � � of _ by removing a
sequence of letters from the store while simulating a run of
the automaton for the regular language � on the removed
sequence. Then the mMs system goes to the bottom of the
stack and checks that what is left on the stack is a word in
the regular language 
 . Finally, the mMs system guesses a
word in 
 (letter by letter) and adds it to the store2. In the
sequel we show that the opposite is not true. There are mMs
graphs with no isomorphic prefix-recognizable graph. The
fact that an mMs system remembers in addition to the stack
contents a location in the stack is enough to give it extra
power over prefix-recognizable systems.

2A similar construction appears in Section 3.1.



3 Non prefix-recognizable mMs graphs

We give two examples of mMs graphs for which there
exist no isomorphic prefix-recognizable graphs3. We use
two methods to prove that these graphs are not prefix-
recognizable. First, we use simple language considera-
tions. We show that our graph, if represented by a prefix-
recognizable system, induces a pushdown automaton over
finite words that accepts a language that is not context-free.
Second, we use a characterization of prefix-recognizable
graphs by Blumensath [3]. We give another graph and prove
that it does not satisfy the requirements of Blumensath. As
not many proof techniques for proving that systems are not
prefix-recognizable are known we include both proofs.

We define isomorphism with respect to two graphs �²������&�Î�! C�!#D��% ' � and � � �q�����&� � �& � ��# � ��% �' � , with the same
alphabet. A bijection Ïk)��²,�� � is an isomorphism be-
tween � and � � iff forall %9����4 � we have  "6�% : �\ "68ÏD6�% :�:
and #768%9�!� : iff # � 68ÏD6�% : �!Ï$6°� :!: .
3.1 An mMs graph recognizing a non context free

language

We use the well known non context-free language�(� · ¼ · � · � ºM4rÐ2� to prove that a graph is not prefix-
recognizable. In fact, for many languages, if  is not con-
text free but it can be recognized by a finite stack automaton,
we can construct an mMs graph �gÑ whose ‘language’ is  .
The graph � Ñ should be another example of an mMs graph
that has no isomorphic prefix-recognizable graph.

We first need some definitions. A pushdown automa-
ton over finite words (or PD-NFW for short) is Ò ������!Ó��&bc�!#D�&eµ'��ihg�!Ô?� where � is a finite input alphabet, Ó
is a finite pushdown alphabet, b is a finite set of states,eµ'[4`b is an initial state, hm4<Ó is a store-bottom sym-
bol, and Ôq.@b is a set of accepting states. The transition
function #u)Zb«1z6��3�n�G�I� : 1uÓz,ÖÕU×�ØtÙtÚ associates with
every state e�4 b , input letter Ûs4[6B�?�j�G�I� : , and pushdown
letter �<4ÄÓ a finite set of possible transitions #$68et�!Û7�&� : .

A configuration of a PD-NFW is a pair 68et��{ : 4Äb`1lÓÎ}
where e is the state of the automaton and { is the content of
the pushdown store. A run of a PD-NFW over a finite word{q4¦�­} is a sequence of configurations and locations � 468b51­Ó�}W1��GQZ�IHJHJHi� � { �¨Ü ¸�� : } such that �I'��@�!6�eµ'���h : �!Q�� and
for every QP»¶N"¹ � � � we have �(S	�o��68et�!� V � : �BÝ�� , �IS;T E ���6�e � �!� V � : �BÝ Ü Þ � and either �8e � ���Z��4Ä#$68et��{	ßU�!� : and Þ �¸ , or �8e � ���Z� 4²#$68et�!�(�!� : and Þ �yQ . A transition from��6�et�!� : ��Ýt� to ��68e � �!� �à: �BÝt� is called an � -transition. Otherwise
it is an advancing transition. A run is accepting if ��á â(áÎ��8ã$����� � { �FÜ ¸(� for some state ãz4[Ô and forall Ýu¹ � � � we
have that � ß �m�8%9���7��äZ� such that ä\» � { � . A word { is

3In fact, for our graph there does not exist a bisimilar prefix-
recognizable graph. Our proof can be extended for the case of bisimilarity.

accepted by Ò if there exists an accepting run of Ò on { .
The language å�68Ò : of Ò is the set of words accepted by Ò .

An automaton is an NFW if Ó3�K�Fh�� and the transition
function is restricted to #l)9bp1j�u1?��h��­,®Õ9×�Ø�æ&ç�è . In this
case we write ém�r�B���&bc�!#D�&e ' �!Ô?� and #u)�b«1n�\,|Õ × .
In case that for every letter Û34n� and state ec4 b we have� #76�et�&Û :J� �@¸ we say that é is deterministic (DFW).

Consider the mMs system _2�2���(�$�&¼F�!�F�&�Z� , �(�?�ifg��h�� ,b ,  , d , eJ' , f , h¦� from Example 2.1.

Claim 3.1 There is no prefix-recognizable system � such
that �?ê is isomorphic to � £ .

Proof: Given a PD-NFW Òx�y�B���!Ó��&bc�!#D�&eJ'U�ihg�!Ô?� we
construct the graph �?ë where the set of vertices is the set
of configurations of Ò from which there exists an advanc-
ing transition. An edge connects 6�et��{ : to 68e � �!{ �;: if there
exists an advancing transition followed by a sequence of �
transition leading from 6�et�!{ : to 6�e � �!{ �à: . Finally, we label
a configuration 68et�!�C{ : by the set of letters Ûr4«� such
that #76�et�&Û7�!� :cì�`í . Formally, let � ë �r�8ÕUî������! "��# ë ��%I'(�
where �3�<��68et�!� V { : 4ub/1jÓ T �µï Û54u� s.t. #76�et�!Û7�&� :�ì�ít� , %J'K��68eµ'���h : , and  �6�et�&�C{ : �ð�GÛ � #76�et�!Û7�&� :²ì�ít� . We have 6!6�et�!�"{ : �(6�e � ��{ �à:!: 4x# ë if there exists a
run 6�et�&�C{?�&Q : �(6�e E �!{ E �I¸ : �IHJHIHµ�I68eJ·7��{­·W�I¸ : �I6�e � ��{ � �I¸ : on a
word Ûv4p "68et�!�C{ : (note that � Û � �o¸ and that this run is
not necessarily accepting).

It is known that the graph of a prefix-recognizable
system is isomorphic to the configuration graph of a
PD-NFW [41, 3]. We extend this result by show-
ing that given a prefix-recognizable system _�ñ â �����ñ â ��atñ â �&b�ñ â �& �ñ â �!d�ñ â �!e ñ â' �ifg��hj� we can construct a PD-
NFW Ò²�¡�����&Ó���b ñIÂ ��#$�!e ñIÂ' �ih �!Ô?� such that every state %
of � ë has �  "6�% :I� �ò¸ and if we restrict our attention to
states reachable from 6�e ñIÂ' ��h : in �¤ë and from 6�e ñ â' ��f¤h :
in �¤£$ó!ô the two are isomorphic.

We first need a few definitions Consider the prefix-
recognizable system _"ñ â �m�?��ñ â , a�ñ â , b�ñ â ,  �ñ â , dDñ â ,e ñ â' , f , hx� . For a rewrite rule � S �¢�?e , � S , 
 S , 
 S ,e � �54«d ñ â , let õ	öò� ��a ñ â �&b?ö���÷9ö��!e 'ö �!Ô�ö�� , for ø©4�(��S��!
DS!��
�S^� , be the NFW for the language of the regular
expression ø . We assume that all initial states have no in-
coming edges and that all accepting states have no outgo-
ing edges. We collect all the states of all the automata
for � , 
 , and 
 regular expressions. Formally, bgùy�ú�û°üBýUþ b?ù ü , bjÿw� ú�û°üBýUþ b�ÿ ü , and b Ã � úgû°üBýUþ b Ã ü .
Let �I
 E �JHIHJHI��
D·$� be the set of regular expressions 
7S such
that there is a rewrite rule ��et�!� S ��
 S ��
 S �&e � �v4=d�ñ â . Let� ÿ ü ���8a�ñ â ��� ÿ ü ��÷ ÿ ü �&e 'ÿ ü �!Ô ÿ ü � be the deterministic au-
tomaton for the reverse language of 
 S . For a word �u4ua~}ñ â ,
we denote by ÷ ÿ ü 6°� : the unique state that

� ÿ ü reaches af-
ter reading the word � . Let �q�qaZñ â 1���E�� S � · � ÿ ü . For
a letter �«4	� , let ��
 N
� , for NÄ4r�(Q��JHJHIH�º�� , denote the N -
th element in � (that is, ��
 Q��+4«a ñ â and ��
 N��+4	�gÿ ü for



N��@Q ). Let ÷��K)�6
�¡1sa : ,�� denote the effect of read-
ing a letter a on the states of the automata

� ÿ ü . Formally,÷ � 6����&� : �¢�8�?��÷ ÿ�� 6���
 ¸����&� : �IHJHIHJ��÷ ÿ�� 6���
 º����&� : � . We use
h �0��hg�!e ÿ �' �IHJHJHJ�!e ÿ �' � as store-bottom symbol of the PD-
NFW. Given a word {\�v{§'��JHIHJHµ�!{��K4 a�}ñ â V h we denote
by � ÿ

ü
6°{ : �`� 'ÿ ü �IHJHIHJ��� �ÿ ü the unique run of

� ÿ ü on the re-
verse of { . We denote by {`1u� ÿ�� 6�{ : 1 VIVJV 1u� ÿ�� 6�{ : the
word ��'U� � E �JHIHJHµ� �!� such that forall Q3»@Ý[¹K� we have��ß�
 Q����w{	ß and �"�#
 Q��?�Mh and forall Q¦»½Ý¶»0� and
¸�»/N�»/º we have ��ß$
 N
�$�¦� �&%Zßÿ ü .

Consider the PD-NFW Ò � �B� ñ â �'�g�&b ñ â �@6°d ñ â 168b?ùP�zb Ã :�: �!#D�&e ñ â' ��h ��íU� where the transition function is
defined as follows. For a state ev4«b ñ â and �«4(� we
have #$68et�!Û7� � : �o���!6°�i�&% : �)�W� � ���0�8et�!�	��
���
��&e � � and % �e 'ù � for Ûy�* �ñ â 6�et�)��
 Q�� : and #76�et�&Û7�)� : �©í for Û ì� �ñ â 6�et� ��
 Q�� : . For a state 6��i�&% : 4odDñ â 1kb ù where �5���et�!�	��
���
��!e � � we have #76�6��i�&% : �&�I� � : �w���!6°�i�&% � : �!�i� � % � 4÷ ù 6�%U� ��
 Q�� : ���p�t��6°�i��% �;: �)�W� � %s4¶Ô ù �&% � 4\Ô�Ã$� and ��
 N��j4Ô ÿ � and #$6!6°�i��% : �!Û7� � : �©í for Ûm4m��ñ â . For a state6°�i�&% : 4®d ñ â 1¶b Ã where �¶� ��et�&���!
���
��!e � � we have#$6!6°�i�&% : �!�(�)� : �½���!6°�i�&% ��: � � � �7� � % 4[÷ Ã 68% � � � � 
 Q�� : and � � �÷���6���� � � 
 Q�� : �"�[�t��e � �)�W� � %P�qe 'Ã � and #76�6°�i��% : �!Û7� � : �0í
for Û[4n� ñ â . We show that the subgraphs of � ë and � £ ó!ô
that are reachable from the respective initial states are iso-
morphic. Consider the function Ï )9b ñ â 1 a } ,Ëb ñIÂ 1*� }
where ÏD68et��� : �`68et��� 1P� ÿ�� 6�� : 1 VJVIV 1P� ÿ�� 6°� :�: .

For every state e24ob ñ â the only letter Û04q� ñ â for
which #76�et�&Û7�)� : is defined is  "68et�)��
 Q�� : , hence  ñ â 68et��{ : � �Y,+�6�Ï$6�et��{ :�: . For every state 6°�i�&e : 4/d ñ â 1¬68b�ù �nb Ã :
we have -�68et�!Û7�)� : �«í for Û ì�¡� . By definition it is clear
that Ï is an injection. We show that Ï is a surjection. No-
tice that, the only way to extend the store is by a transition��6°�i��% �;: �)� � �W� . However, we demand that � � �2÷ � 6����)� � 
 Q�� : .
Hence, the only states reachable from 6�e ñIÂ' ��h : are states
in the range of Ï . We show by induction on the distance
from 68e ñIÂ' ��h : that every configuration 68et��{ ��: of Ò is in
the range of Ï . For 68e ñIÂ' ��h : the proof is immediate. As-
sume that all configurations whose distance is ä are in the
range of Ï . Consider a state 68et��{ : of � ë of distance ä Ü ¸
from 6�e ñJÂ' �ih : . By induction there exists a reachable state6�e � ��{ �à: of � £ ó!ô such that 6�Ï$6�e � �!{ �à: �(6�et��{ :�: 4K# ë . De-
note %«� Ï$6�e � �!{ �à: and % � � 6�et�!{ : . Then there is a
sequence % , ��6°�i�&e 'ù : ��{§'F� , ��6��i�!e Eù : �!{ E � , HIHJH , �!6°�i�!e �ù : ��{.�j� ,��6°�i�&e � ÍÃ : �!�/�§Í8� , HJHIH , ��6��i�!e 'Ã : ���D'G�µ�&% � such that {§' is the store
content of % , �D'~�`{ is the store content of %(� , {.�¡�@�/� Í
is a common suffix of { � and � ' such that { � 4[
 (note
that

� ÿ runs from the end of { � to the start of { � and
recognizes words whose reverse is in 
 ). and the runse 'ù �IHJHIHJ�!e �ù and e 'Ã �IHJHJHJ�!e � ÍÃ are witnesses that the prefixes
of { ' and � ' are in � and 
 respectively. We conclude that
the state 68e � ��{0
 Q�� : is reachable in � £ ó!ô and Ï$6�e � �!{0
 Q�� : �% � . In a similar manner we show that 68%9�&% ��: 4½# þ ó!ô iff

6�Ï$68% : �&ÏD6�% ��:!: 4P# ë .
Assume by contradiction that there exists a prefix-

recognizable system whose graph is isomorphic to � £ .
Let _ ñ â �r���(�$�&¼F�!�F�&�Z���&a��&bc�& C��d"�!eµ'G�ifg��hj� be the prefix-
recognizable system that produces this graph. Let Ò*��^�G�D��¼G�!���!���9�'�g��b � �!#D�&e �' �ih �&íU� be the PD-NFW such that� ë is isomorphic to � £ ó!ô . Consider the PD-NFW Ò � ��^�G�D��¼G�!���!���9�'�g��b � �Ä�(�t�µ�F�9��# � �&e �' ��h �µ�G���J�G�G� , where for ev-
ery state eÄ4[b � and letter �r41� we define # � 6�et�&���&� : �#$68et�!�D�!� : �\�����t�µ���!���i� and # � 68et��
��!� : �|#76�et��
��!� : for
 ì�2� . Thus, whenever Ò � reads the letter � it can enter an
accepting state. Is is simple to see that the language of Ò � is�(��� V �(� · ¼ · � · � ºnO¶¸�� V �(��� T . However, �G� · ¼ · � · � ºn4 Ð2�
is not a context-free language [29]. contradiction.

3.2 An mMs graph violating prefix-recognizable
representation characterization

We give another example of an mMs graph that is not
prefix-recognizable. This time, we use characterization of
prefix-recognizable graphs by Blumensath [3] to show that
the graph is not prefix-recognizable.

We first need some definitions. Let X ± �¢�(Q��J¸U�F} de-
note the full binary tree and let %I�7�µ� ' 6°���!� : and %J�7�µ�(EF6°����� :
denote the successor relations (that is, for �����<4«�GQZ�J¸U�U}
we have %I�7�µ�µ'96°����� : true iff �\�x� V Q , and similarly for%I�$�µ� E ). We define Monadic Second Order Logic (MSOL)
over ��XZ±U��%J�7�µ�i'U�&%I�$�J� E � as follows. Let ���!�7�JHJHIH denote state
variables and 2 � 3	�JHIHJH denote set variables. Atomic formu-
las are �u442 and %I�$�J�µS!6°����� : for N�4ÄQZ�J¸ . MSOL formulas
are the formulas obtained from atomic formulas by closing
them under Boolean connectives and existential quantifica-
tion over vertex or set variables. For a full exposition of
MSOL we refer the reader to [42].

A graph �R� ���������! "��#$�&%I'G� is MSOL interpretable in
the structure ��XZ±9�&%I�$�J�i'U��%J�7�µ� E � if there exist MSOL formu-
las 5�6t6°���!� : , 5 >�] , and for every Ûw4=� we have 587W6�� :
such that the graph � � defined below is isomorphic to� . Let � � � �B���&� � �! � �!# � �&% �' � such that � � ���(�24X�± �Dï ��H 5�6�6°�i��� ::9 5�6t6°����� : � , �7'5�m�I�Ä4`X�± � 5 >^] 6�� : � is
a singleton �7' �q�F%(�' � , #n�q��6����!� :I� 5�6t6°����� : � and finally,
for every state %g4n� � we have Ê�6�% : �²�(Û � 5 7 68% : � is a sin-
gleton and Ê!68% : �½�( �68% : � . We overload notation and refer
to ��5 6 ��5 > ] �I6�5 7 : 7 ý î � both as the interpretation in X ± and
the graph that it induces.

Theorem 3.2 [1, 3] A graph � is prefix-recognizable iff it
is MSOL interpretable in ��X ± �&%I�7�µ� ' ��%J�7�µ�IEJ� .

Consider a prefix-recognizable graph �©�M��� , � ,  ,# , % ' � and a state %-4A� . Let Òj��;U}U6�% : denote the
set of states from which % is reachable. Formally, for� � . � we define Òj��;G'968� ��: � � � , Òj��;GS;T E 68� ��: �



�I� ��ï � � 4 Òj��;GS!6�� �;: and 6°�i�!� ��: 4=#�� , and Òj��;�}U68� ��: �ú S�<D' Òj��;GS&68� ��: . If � � � �F%�� is a singleton we writeÒj��;�}U68% : . We define a relation on the states of � , forall%U�!� we have %�»¬� iff %?4ÄÒj��;�}96°� : . Let ��5 6 � 5 > ] �(6�5 7 : 7 ý î �
be some interpretation of � in X ± and let Ï )9�[,yX ± be the
bijection associating � and ��5 6 � 5 > ] �(6�5 7 : 7 ý î � . For a state%¤4u� , let � Ï$68% :J� denote the length of ÏD6�% : 4ÄX ± .
Lemma 3.3 [3] Let � be a prefix-recognizable graph. If
the relation % »«� is a well order on the states of � , then
for every interpretation of � in X�± with bijection Ï we have� Ï$6��t· :J� �>=~6�º : where �t· is the º th element in the ordering.

Consider the mMs system _®�m�l�(�$�&¼(� , ��fg��hg�!�?� ,�(eµ'U���F�!Ê������ ,  , d , eµ' , f , hk� from Example 2.2.

Theorem 3.4 The system _ above is not a prefix-
recognizable system.

Proof: Lemma 3.3 gives information on the size of the en-
coding of states of a well ordered prefix-recognizable graph.
The graph above is clearly well ordered. We show a sub-
graph that is also well ordered. Both the graph and its sub-
graph are embedded in X ± and share the same encoding of
the states. In each graph we get information on the size of
the encoding and this information is contradictory.

Suppose by contradiction that there exists a prefix-
recognizable system inducing a graph isomorphic to � £ .
Let � � �����&�Î�! C�!#D��%I'I� be the graph of this prefix-
recognizable system and let ��586t��5 >�] � 5 ¿ ��5 À � be some in-
terpretation of � in X�± . Let ÏP)��p,¢X�± denote the isomor-
phism associating the two. As mentioned the system above
produces an infinite path of nodes. Let ¼JS denote the state �
such that � Òj��;�}U6°� :@? �I� �  "6�� : �¶¼(� � �¦N .

Denote by � � � �^�F¼(�9��� � �& � ��# � ��% ' � the graph con-
sisting of the states � � ���G¼ S � NvOð¸�� and the edges# � � ��68¼ S �&¼ S¨T E : � NnOÖ¸U� . For every state ¼ S 4o� � we
have  � 68¼ S : �\¼ and as % ' �\¼JE we use the same initial state
in � � . We show that this graph is also interpretable in X ± .
Hence, it is also a prefix-recognizable graph and Lemma 3.3
applies for it. Consider the MSOL formulas in Figure 1. For
states � � ��� � we have _ ¿ Ú 6°� � ��� �;: true iff � � is reachable from� � along a path that visits only states labeled � . For states����� we have _ À�¿ Ú À 6������ : true iff both � and � are ¼ states
and either � is a successor of � or � is reachable from �
along a path that visits only states labeled � .

Consider the structure ��_ ÀB¿ Ú À � 5 >^] � A�B�C�Dt� . It is isomor-
phic to the graph � � . Let Ï � )$� � ,|X ± denote the isomor-
phism between � � and ��_jÀB¿ Ú ÀJ� 5 > ] �)A�B�C�D�� (actually, Ï � is Ï
restricted to � � ). From Theorem 3.2 it follows that � � is a
prefix-recognizable graph. It is also the case that � � is well
ordered. According to Lemma 3.3 we have � Ï$68¼ S :I� �E=~6°N : .

As mentioned the graph � consists of a single path.
Hence, the relation » is a well order on the states of � .

The state ¼iS is the
S�F¨S;T E)G± state in this order. According to

Lemma 3.3 we have � ÏD6�¼µS :I� �E=~6°N ± : . Contradiction.

4 Model checking over mMs systems

We use the automata-theoretic approach to model check-
ing. In the branching time framework, the automata-
theoretic approach reduces the model checking problem to
the emptiness problem of an alternating tree automaton over
1-letter alphabet. The alternating tree automaton is the com-
bination of the system and the specification [35]. In the
linear time framework, the automata theoretic approach re-
duces the model checking problem into the emptiness prob-
lem of a nondeterministic word automaton. The nondeter-
ministic word automaton is the combination of the system
and the negation of the specification [45]. Similarly, for
mMs systems we solve model checking by a reduction to
the respective emptiness problem. As our systems have a
stack we use stack automata. Due to lack of space we in-
clude only an algorithm for branching time model checking.

In order to give the most general algorithm we assume
that the specification is given as an automaton. In the
branching time framework the specification is given as
an alternating graph automaton (that accepts all possible
graphs that satisfy the specification, see below). Algorithms
for converting � -calculus, CTL, CTL } , and LTL and �­¸(�
to automata can be found in the literature [5, 46, 30, 44, 35].

4.1 Definitions

Graph Automata. Given a finite set � of directions, an � -
tree is a set do.H�¤} such that if � V �k4zd , where �k4I�
and � 4J�¤} , then also � 4Pd . The elements of d are called
nodes, and the empty word K is the root of d . For every� 4J� and � 4Pd , the node � is the parent of � V � and � V �
is a child of � . If ���v� V � 4Äd then � is a descendant of � .
There is a natural partial order induced on the nodes of the
tree, �5»v� iff � is a descendant of � . An � -tree d is a full
infinite tree if d²�(�¤} . A path L of a tree d is an infinite
set Lp.vd such that K 4JL and for every �n4ML there exists
a unique �¦4N� such that � V �k41L . Our definitions here
reverse the standard definitions (e.g., when �2�@�(Q��J¸U� , the
successors of Q are QUQ and ¸IQ , rather than Q9Q and Q�¸ ).

Given two finite sets � and � , a � -labeled � -tree is a
pair �°dC� O�� where d is an � -tree and OÄ)Ud\,m� maps each
node of d to a letter in � . When � and � are not important
or clear from the context, we call �°d"�)O�� a labeled tree.

For a finite set 2 , let ³ T 6�2 : be the set of positive
Boolean formulas over 2 (i.e., Boolean formulas built from
elements in 2 using P and 9 ), where we also allow the for-
mulas A�B�C�D and QSR!T�UVD , and, as usual, P has precedence over9 . For a set 3«.W2 and a formula Xc4P³ T 6�2 : , we say that
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Figure 1. Interpretation in X ±
3 satisfies X iff assigning A�B�C�D to elements in 3 and assign-
ing Q
R"T�UgD to elements in 2o�h3 makes X true.

An alternating automaton on labeled transition graphs
(graph automaton, for short) [49] is a tuple i ������&b ��÷7�!e ' �!��� , where � , b , e ' are as in PD-NFW, �
specifies the acceptance condition, and ÷M) by1<��,³ T 6^�VK��'jc�VkC� 1zb : is the transition function. Intuitively,
when i is in state e and it reads a state % of � , fulfilling an
atom �
j ���7� (or j§� , for short) requires i to send a copy in
state � to some successor of % . Similarly, fulfilling an atomk�� requires i to send copies in state � to all the successors
of % . The atom ��K����$� (or � , for short) requires i to send
a copy in state � to the node % itself. Thus, like symmetric
automata [22, 49], graph automata cannot distinguish be-
tween the various successors of a state and treat them in an
existential or universal way.

A run of a graph automaton i on a labeled transition
graph �r�o���������! "��#$�&% ' � is a labeled tree in which every
node is labeled by an element of �\1zb . A node labeled
by 68%9�!e : , describes a copy of the automaton that is in the
state e of i and reads the state % of � . Formally, a run is a� â -labeled Ó -tree �°d â ����� , where Ó is some set of directions,� â �¶�¬1Äb , and �°d â ����� satisfies the following:

1. K�4Äd â and ��6^K : �`68%I'��!eµ' : .
2. Consider �s4sd â with �t6�� : �«68%9�&e : and -�68et�! "6�% :�: �X . Then there is a (possibly empty) set 3 .6^�VKt��jc�VkC�l1zb : , such that 3 satisfies X , and for all���F�&e � ��4l3 , the following hold:

´ If �"�mK , then there is 
n4 Ó such that 
 V �+4Äd â
and ��6à
 V � : �@6�%9�!e �à: .´ If �C�nk , then for every successor % � of % , there is
s4ÄÓ such that 
 V � 4Pd â and ��6à
 V � : �K68% � �!e ��: .´ If � �oj , then there is a successor %G� of % and
s4ÄÓ such that 
 V � 4Pd â and ��6à
 V � : �K68% � �!e ��: .

A run �°d â �!��� is accepting if all its infinite paths satisfy the
acceptance condition. We consider here parity acceptance
conditions [23]. A parity condition �p�²�(Ô�EG�&Ô ± �JHIHJHµ�&Ô � �
is a partition of b . The number � of sets is called the index
of i . Given a run ��d â ����� and an infinite path LR.yd â ,
let p^qVr�6�L : .Ëb be such that e`4sp^qVr�6�L : if and only if
there are infinitely many �u4JL for which ��6°� : 45�/13�(e�� .
That is, p^qVr�6�L : contains exactly all the states that appear

infinitely often in L . A path L satisfies the condition Ô if
the minimal N such that p^qVr�6�L :h? Ô�S ì�xí is even. A run�°d â �!�F� is accepting if all paths L in d â are accepting. The
graph � is accepted by i if there is an accepting run on it.
We denote by å�6�i : the set of all graphs that i accepts.

We use graph automata as our branching-time specifica-
tion language. We say that a labeled transition graph � sat-
isfies a graph automaton i , denoted � � �	i , if i accepts� . Graph automata are as expressive as � -calculus [30, 49].
In particular, we have the following.

Theorem 4.1 Given a � -calculus formula t , of length º
and alternation depth ä , we can construct a graph parity
automaton i0u such that å�6�ivu : is exactly the set of graphs
satisfying t . The automaton i#u has º states and index ä .
Stack Automata. A stack alternating automaton on � -
trees (or ST-APT) is � �M�B���&a��&bc��-F�!eJ'��ifg��hg�&��� where� , b , eµ' , and � are as in graph automata, a is the stack
alphabet, and f and h are the store-top and store-bottom
symbols (that cannot be removed from nor added to the
stack). The transition function is -q)Pby1¶�01\a ,w T 6�bM1/����d01N� : where ����d is the set of possible
actions as defined for mMs systems. We also use the set
of stack configurations ��d��j_��g� , the function

¯
and the

function ³ as defined for mMs systems.
A run of � on a � -labeled � -tree �
�?}��)O�� is a �¤} 1b½13��d��j_j��� -labeled Ó -tree ��dC����� where Ó is some set

of directions and �°dC�!��� satisfies the following.

´ Kg4Pd and ��6^K : �`6��(�!eJ'U�if¦�gh : .
´ Consider � 4 d with ��6°� : � 6°�7�!et�&� : and-�6�et� O�6°� : � ¯ 6�� :�: �oX . Then there exists (a possibly

empty) set 6!6�e E �!�t�i� E � Þ E : �IHJHIHJ�I68e Â �!�t�i� Â � Þ Â :�:<� �xX
and � has � successors � E �JHJHIH�� Â such that �t6��Zß : �6 Þ ßJ�7�!eißU��³j6��D�!�t�i��ß :�: .

A run is accepting if every infinite path in �°dC�!�F� satisfies the
parity acceptance condition. We are interested in alternating
stack automata with 1-letter input alphabet.

An alternating stack automaton with 1-letter input alpha-
bet, the location on the input tree and the structure of the
input tree are not important. Hence, we can consider au-
tomata reading infinite words and we can write -�)9b51Ca@,w T 6�b013����d : . Accordingly, runs of such automata are



b«1s��d��j_j��� -labeled trees. We denote alternating stack
parity automata with 1-letter input alphabet as ST-APW E .

Harel and Raz show that the emptiness problem of non-
deterministic stack automata on infinite trees is decidable in
quintuply exponential time [28]. Their methods can be eas-
ily extended to ST-APW E . A combination of [28] and [33]
gives a double exponential algorithm for the emptiness of
ST-APW E .
Theorem 4.2 The emptiness of an ST-APW E é can be de-
termined in time double exponential in the size of é .

4.2 Branching time model checking

We use the automata-theoretic approach to branching
time model checking [35]. Given an mMs system _ and
a graph automaton i , we construct an ST-APW E é such
that å�6�é :jì�ví iff � £ � �yi .

The idea behind the construction is that the stack au-
tomaton é holds the control structure of i and the control
structure of _ within its finite control. When _ is in a mi-
cro state, our stack automaton mimics _ without changing
the control state of i . When the control of _ is in a macro
state, our stack automaton mimics a transition of i reading
the new macro state. Formally we have the following.

Let iÖ�|�����&b ��÷7�!e ' �&��� be a graph automaton, _¢������&a��&�Î�! C�!dC�&%I'��ifg��hj� be an mMs system where �[�¦�[�� , and �w�½��K��'j ��kC� . We construct the ST-APW E éË��^�(�D���&a��&b � � -F�&e �' �ifg��h�� � � where b � � 6��w13b½13� : , the
initial state e �' �q6^K��&eµ'U��%I' : and if �¦�r�GÔ E �JH;H;H¨�&Ô�z�� (wlogä is odd) then � � �@�g�`1jÔ E 1?�2�JHIHJHJ���@1¤Ô�z�1?�2�J�$kC�	1br1 �5�µ��j~��13br1 �n� . We shorten notations by writing6
j¤et��% : instead of 6
j �!et��% : and similarly 6{k�et�&% : and 6�et��% : .
The transition function - is defined for every state 6��F�&et�&% : 4�q1ub²1Ä� and letter �<4Äa as follows.

´ For ��45��j ��k"� , the transition function is in Figure 2.

´ For �P�|K , then %542� is a macro state and we ob-
tain -�6!6��F�&et�&% : �&� : from ÷W6�et�! �68%9�!� :�: by replacing ev-
ery atom j¤e � in ÷W6�et�& "6�%U�&� :!: by ��6
j?e � �&% : ��%��7� , ev-
ery atom k�e � by ��6)k	e � �&% : �&%!�$� , and every atom e � by��68e � ��% : �&%!�7� .

Note that by including �$k"��1 b«1Ä� as the maximal even
set in � � and ��jc�~13b½1n� as the maximal odd set in � �
we ensure that when quantifying universally over succes-
sors, our ST-APW E does not care about infinite sequences
of micro states and when quantifying existentially over suc-
cessors, our ST-APW E does not allow to follow an infinite
sequence of micro states. In the full version, we show thatå�6�é :+ì�oí iff �¤£ � �ai by translating a run tree of é on
the word ��L to a run tree of i on �?£ and vice versa.

Claim 4.3 å�6�é :�ì�\í iff � £ � �yi .

Corollary 4.4 The model checking problem of an mMs sys-
tem and a graph automaton can be solved in time double
exponential in both the size of the system and the size of the
automaton.

5 Emptiness of stack automata

The emptiness problem of an automaton is to determine
whether it accepts some input. In this section we solve
the emptiness problem for ST-APW E by a reduction to the
emptiness of PD-APW E . Our reduction enhances the reduc-
tion of ST-NPT to PD-NPT given in [28]. An algorithm for
checking the emptiness of PD-APW E is given in [33].

Given a ST-APW E we construct a PD-APW E that records
extra information on the pushdown store. This information
is the summary of the stack automaton’s actions when it
reads the stack’s contents. We want to know which parity
sets are visited by the stack automaton and in what state
does it ‘get out’ from the stack. As the stack automaton is
alternating, when reading the stack’s contents it may spawn
new copies of the automaton. Hence, for every state we
record the possible sets of states with which the stack au-
tomaton can surface after reading the contents of the stack.
We note that the top-of-store symbol is a buffer between the
possibility to change the contents of the stack and the mean-
ingful information in the stack. Our pushdown automaton
uses basically the same states as the stack automaton. How-
ever, it duplicates the set of states. One copy mimics the
behavior of the stack automaton when reading the top-of-
store symbol. The other copy mimics the behavior of the
stack automaton when standing just before the top of the
store and reading the last meaningful letter on the stack. We
start with the simpler problem of solving the emptiness of
ST-NBW and then extend it to the emptiness of ST-APW E .

We reduce the emptiness of an ST-NBW to the
emptiness of PD-NBW. Consider an ST-NBW � �������a���bc� -F�&e ' �ifg��hg�&��� where �p.kb and -g)9b51"�l1CaK,Õ ×§Ø~}�� þ . It is easy to see that the emptiness problem of
an ST-NBW can be reduced to that of an ST-NBW with
one letter input alphabet. We assume that � � � �0¸ and ig-
nore this component. We construct a PD-NBW Ò such that "68Ò : �oí iff  �68� : �oí . The pushdown alphabet of Ò isa½1nÓ where Ó/�¡ÕU×�ØDæ '�� E èGØ F ×��Zæ ¿JÁ^Á è G . Thus, every letter
in Ó is a �GQZ�I¸�� labeled graph � on the set of vertices b .
For a state eg4 b the set of nodes that are neighbors of e in� are the nodes reachable from e after a finite detour in the
store. An infinite detour into the store is either accepting,
in which case we add �t�µ� to the options of e or rejecting in
which case we ignore it. Whenever state % chooses to enter
the store in state e we choose one of the neighbours of e in� and move to it. Visits to the acceptance set are monitored
using the label on the edges. Label Q indicates that the path
does not visit � and label ¸ indicates that the path does visit



-�6�68�F�!et��% : �!� : �
���������� ���������

�
�8%9�&�?�!�t�i�i��% � ��4Äd

and % � 4Ä�
�!6
j¤et��% � : �!�t�i��� 9 �

��%U�&�?�&���µ�i�&% � ��4Äd
and % � 4u�

�!6�et��% � : �!�t�i��� If �C�Ej
�

�8%9�&�?�!�t�i�i��% � ��4Äd
and % � 4Ä�

�!6{k	et��% � : �!�t�i����P �
��%9�!�?�&�t�i�i�&% � ��4Pd

and % � 4 �
����et��% � �µ�!�t�i��� If �C��k

Figure 2. Transition of micro state

� . More formally, we have the following.
Let Òr�o�����&a½1 Ó��&b � ��- � �&e �' �I6Bhg�&í : �!� � � where the set

of states is b � �@6^�(NBºÎ�!�Gº���1¤bp1g�(Q��J¸U� : �?�(�t�µ�G� , the initial
state is e �' �m6°NBºÎ�!eJ'U�&Q : , and the set of accepting states is� � �K6^�(NBºÎ�!�Gº��j1Pb@1s�9¸U� : �Ä�(�t�µ�F� . The states marked byN�º serve as states that stand just before the top of the stack,
the states marked by �Gº serve as states that read the top-
of-store symbol. In order to define the transition function- � we define a function ãq)�aw1¬Ó¶1/a , Ó that tells
us how to extend the pushdown store. In case that on top
of the pushdown store stands the pair 6��D��
 : and we want to
emulate the extension of the stack with � � then we add to the
pushdown store the pair 6�� � �&ã�6��$��
��)� ��:�: . Let ã�6��D��
�� � �;: �
 � .Kb«1[�GQZ�J¸U�g1p6�b\�5�G�t�µ�G� : such that 6��i��N���� � : 43
 � if
there exists a sequence � � �o6¨Ý E ��% E : �(6¨Ý(±9�&%(± : �JHJHIH such that
all the following hold.´ 68%FEG�!�P� : 4l-�6°�i� � �à: and ÝFE"�<¸ iff %FE�4P� .
´ For every ¸~»\�m¹ � � �^� either 6�% ��T EG�&%!� : 4�-�68% � �)� :

and Ýg�§T E �K¸ iff %g��T E 4u� or 68%g�g��Ý9�&%g�§T E : 4Ä
 andÝg��T E �pÝ .
´ If � � is finite then either 6�� � ���P� : 4`-�6�%9á â Í á;� � : or %�á â Í á���t�µ� and � � �\�t�µ� .
´ If � � is infinite then there are infinitely many � such

that Ý � �@¸ and � � �\�t�µ� .
´ If there is some � such that Ý � �«¸ then N��r¸ . Oth-

erwise N��vQ .
The transition function - � ) b � 1Öa 1òÓ ,Õ × Í Ø�æ&> ñ � ñV�Bñ � ñ�� >{� F�� G[� � ý�� ØtÙ�è is defined as follows. For
every �-4*a and 
�4ªÓ we have - � 6��t�µ���I6��$��
 :�: ���6��t�µ���&%!� : � . For 68�GºÎ�!et�!N : 4²b � , �<4²a and 
«4KÓ we
have´ If 6�e � ��%�� : 4 -�68et��f : then 6!6��GºÎ�!e � �!N �;: �&%!� : 4- � 6!6��GºÎ�&et��N : �(6��$��
 :�: and N � �@¸ iff e � 4P� .
´ If 6�e � �8�D��� : 4 -�68et��f : then 6!6��GºÎ�&e � ��N �;: ���$��� : 4- � 6!6��GºÎ�&et��N : �(6��$��
 :�: and N � �@¸ iff e � 4P� .
´ If 6�e � �8���W%(��6�� �¨:!: 4 -�68et��f : then6�68�GºÎ�!e � ��N �¨: ���D�7%G��6�� � ��ã�6��$��
��)� �;:!:�: 4- � 6!6��GºÎ�&et��N : �(6��$��
 :�: and N � �@¸ iff e � 4P� .

´ If 6�e � ���Ä� : 4 -�6�et�if : then 6�6�NBºÎ�!e � ��N ��: �&%!� : 4-�6�68�GºÎ�!et�!N : �I6��D��
 :!: and N � �`¸ iff e � 4u� .

For 6°NBºÎ�!et�!N : 4 b � , �l4 a , and 
 4ÄÓ we have
´ If 6�e � ��%�� : 4 -�68et�)� : then 6!6°NBºÎ�!e � �!N ��: ��%!� : 4- � 6�6°NBºÎ�&et��N : �(6��$��
 :�: and N � �<¸ iff e � 4u� .
´ If 6�e � ���P� : 4 -�68et�)� : then 6!6��GºÎ�&e � ��N �¨: �&%!� : 4- � 6�6°NBºÎ�&et��N : �(6��$��
 :�: and N � �<¸ iff e � 4u� .
´ If 68et��N � �&e �;: 4 
 then

– if e � �\���J� then 68�t�µ�F�&%!� : 44- � 6!6°NBºÎ�!et�!N : �I6��D��
 :!: .
– if e � ì� ���J� then 6�6�NBºÎ�!e � ��N ��: �&%!� : 4- � 6!6°NBºÎ�!et�!N : �I6��D��
 :!: .

Prior to showing that � is empty iff Ò is empty we
show that whenever the contents of the pushdown store is{@456�a@1lÓ : } with the letter 6��$��
 : on top of the pushdown
store (the first letter of { ) and 6�et��N��&e �;: 4<
 then we can
find a partial run that connects the configuration 6�et�!{ �à: to
configuration 6�e � �!{ �à: where { � is the projection of { on its
component in a (with h¦� concatenated on top). Formally,
we have the following.

We extend the function ã to a function ãs)9��d��j_��g�5,68a`1cÓ : } . For every {¶�¦{§'��JHIHJHµ�!{��K4Ä�Îd��j_j��� we setã�6°{ : as follows.
´ If �0�y� then ã�6�f¦�gh : �vã�6°�gf¤h : �K6�hg��í : .
´ If � ��� where {­S2��� then ã�6�{ : � 6�{ E ��
 E : ,HJHIH , 6°{­S�% E ��
�S�% E : , 6°{­S¨T E ��
tS;T E : , HJHJH , 6°{.�g��
~� : where
~�«�rí , 
�S�% E �«ã�6�{�ß!T E ��
Uß!T E ��{	ß�% E : , and for everyÝ ì�MN we have 
9ß�% E �®ã�6°{	ß9��
UßU�!{�ß�% E : . Note that

the top-of-store symbol h and the head indicator � are
removed.

For every {ª4o��d��j_j��� where {-�Ë{��g�¶{"� � we
say that the head location in { is � { �B� , denoted Ê�6�{ : . A
sequence 68e ' �!{ ' : �(6�eGEF�!{CE : �IHJHIH is a partial run of � if for
every N we have 6�e S;T E��!�t�i� : 4H-�6�e S � ¯ 6°{ S :�: and { S¨T E[�³�6�{ S �!�t�i� : . We say that pair 6°N��!e ��: 4n�(QZ�I¸���1j68bc�C�(�t�µ�G� : is
reachable from configuration 6�et�!{ : if there exists a partial
run �P�06�eJ'U�!{�' : �(6�e E �!{ E : �IHJHJH such that 6�eJ'���{§' : �06�et�!{ :
and all the following holds.



´ For all � we have ã�6°{�� : �`ã�6°{ : (this means that {
and {.� are the same but the location of � ).

´ If the run is finite then e�á âIáÎ�qe � , and N?� ¸ iff there
exists some � such that eV�`4Ä� .

´ If the run is infinite then it visits � infinitely often, ande � �\���J� .
We say that 6�N��!eF� : is Ê -reachable from 6�et��{ : if in addition
all the following hold.

´ Ê�6�{�' : �vÊ
´ For every ¸¤»¬�R¹ � � � we have Ê�6�{ S : �kÊ .
´ If the run is finite then Ê!6°{?á âIá : �vÊ .

Claim 5.1 For every configuration 6�et�!{ : and
pair 6°N��!e �;: 4 �(Q��J¸��R1�68bA�ª�G�t�µ�G� : such thatã�6°{ : � 6�{"EF��
ZE : �IHJHJHJ�I6°{ � ��
 � : we have 6°N��&e ��: isÊ�6°{ : -reachable from 68et��{ : iff 6�et�!N&�&e �;: 4+
�� F�� G .
Proof: We prove the claim by induction on ���@Ê�6°{ : .
If � � Ê�6�{ : then it must be the case that 68e � �&%!� : 4-�6�et� ¯ 6°{ :!: . Suppose that � � Ê!6°{ : . Let � �6�eµ'9��{§' : �I68e E ��{ E : �JHIHJH denote the partial run. Let �Ë�6�e�ß ] �!{�ß ] : �I6�eiß � ��{	ß � : �IHJHJH denote the subsequence of loca-
tions where Ê�6�{ ß�� : �`Ê�6�{ :�Ü ¸ . For every ä either Ý ziT E¤�Ý z Ü ¸ and 68e ß{�)� � ��%�� : 4f-�6�e ß{� � ¯ 6°{ ß�� :!: or Ý ziT E0�pÝ z Ü ¸
and by induction 6�e ß�� �!N&�&e ß{�)� � : 4+
�� F �"¡ � G . We conclude that
6�et��N��&e �;: 4+
�� F�� G .

In the other direction we prove the claim by induction on�a�[Ê�6°{ : . If �=�¶Ê�6�{ : then we know that 
!�2�2í and the
claim follows. If �¢�¦Ê�6°{ : then we concatenate the partial
runs promised by induction on Ê!6°{ :ÎÜ ¸ to create a partial
run connecting 6�et�!{ : and 6°N��!e � : .

We are now ready to prove the following claim.

Claim 5.2 å�68� : �\í iff å�6�Ò : �¶í .
Proof: Suppose that å�68� :+ì�qí . Then there exists an ac-
cepting run �~�¡68eJ'9�!{�' : �(6�e E ��{ E : �IHJHJH on the word �tL . We
show that the subsequence of configurations where � stands
on top of the store or just below the top of the store is an ac-
cepting run of Ò on �tL . If the subsequence is finite then the
run of Ò ends in an infinite chain of �t�µ� . More formally, we
have the following.

Given a run � � 68e ' �!{ ' : �(6�eGEG��{"E : �IHJHJH let � � �6�e S ] �!{ S ] : �I68e S^� �!{ S£� : �JHIHJH denote the subsequence of config-
urations where � stands on top of the stack or one loca-
tion before the end of the stack (i.e. { S ¡2���¡f�{�h or{ S ¡/�|f¢�¶{�h for some {ª40ag} ). We translate this
subsequence into a run of Ò . Set Ê°S�¡C�¦NBº if {­S¤¡"�2f¦�j{�h
for some {w42ag} and ÊàS¤¡Ä�0�Gº otherwise. Set ��S ] �0Q .

Set ��S¤¡ �q¸ if there exists ä such that N�ß�% E ¹²äz»@N8ß andeVzg4Ä� . Otherwise, set ��S¤¡"�\Q . We claim that the sequence� � �r�!6�Ê S ] �&e S ] �!� S ] : ��ã�6°{ S ] : �µ�I�!6�Ê S^� �&e S^� �!� S^� : ��ã�6°{ S^� : �i�JHIHJH is
a valid and accepting run of Ò on �tL .

We first show that the transition6��!6�Ê S ¡��!e S ¡��&� S ¡ : ��ã�6°{ S ¡ : �µ�I�!6�Ê S ¡ � � �!e S ¡ � � �!� S ¡ � � : �&ã�6�{ S ¡ � � : � :
is a legal transition of Ò . Clearly, if N ß!T Eg�²N ß Ü ¸ then it
is a legal transition. Suppose that NBß!T E �¦N8ß Ü ¸ . It follows
from Claim 5.1 that it is a legal transition. We show that
the run is accepting. If the run ends in an infinite sequence
of �t�µ� then it is clearly accepting. Otherwise, ��S�¡ is set to¸ iff some state in eIS�¡!T E �JHJHIHJ�&eJS�¡ � � is accepting. As � is
accepting so is � � .

In the other direction we extend the partial run of Ò
to a full run of � using the promised partial runs from
Claim 5.1.

Theorem 5.3 [24, 32] The emptiness problem of a PD-
NBW can be determined in time �c6 � b � ± V�� - �GV�� a � : .
Theorem 5.4 The emptiness problem of a ST-NBW can be
determined in time �c6 � b � ± V9� - ��V9� a � :�V Õ�¥ F á × á ¦ G .
Corollary 5.5 Given an LTL formula 5 and a micro-macro
stack system _ the model checking problem is solvable in
time Õ�¥ F á £ á ¦ GS§ ±'¨ª©^« ¬�« ­ .

We advance now to the general case of ST-APW E . First
let us denote by top-configurations configurations in which
the head indicator � is either to the left or to the right of
the top-of-store symbol f (i.e. configurations 6�et�!{ : where{@�Kf2�g{ � h or {`���cf�{ � h for some { � 43ag} ). Other-
wise the configuration is denoted a middle-configuration. A
nondeterministic word automaton has a single copy reading
the input word at all times. Hence, when a nondeterministic
automaton ‘ventures’ into the stack it comes out in a single
copy (if at all). When a copy of the alternating automaton
reads the last meaningful letter in the store, the run contin-
ues to form a finite tree whose internal nodes are all middle-
configurations and whose leaves are top-configurations. On
the pushdown store, we record for each state the possible
sets of leaves of such trees (corresponding to %!� and �P�
actions). The trees may be infinite if some path stays in-
definitely inside the store. However we care only about the
possible sets of leaves.

Consider an ST-APW E��o�ò���(�D�9��a���bc� -��!e ' �ifg��hg�&���
where �n�K��ÔÎE��JHIHJHµ�&Ô z � and -�)tb<1P�(�D��1 a@, w T 68b@1����d : . For a state eu4¬b let ��6�e : denote the index N such
that eg4ÄÔ S . We construct a PD-APW E�Ò such that å�6�Ò : �í iff å�6�� : �¶í . The pushdown alphabet of Ò is as1�Ó where
Ó5�2Õ�×§Ø ±�© ® ��¯ °�±�°�²{³ ó�´ µ�¶�· ­ . Thus, every letter in Ó associates
with every state in b subsets of 
 ä���1ub²1s�F%������P��� . For a
state el45b and 
[4sÓ , the sets ¸ such that 68et�'¸ : 4u
 are
the possible transitions of state e . Again the automaton can



enter the stack and stay there indefinitely. We just make sure
that the set of states ¸ participates in some run such that
the paths that stay indefinitely in the stack are accepting.
The minimal parity set visited is monitored via the labels
attached to the states in b . Label � indicates that the least
rank visited along the detour is � . More formally, we have
the following.

For a set ¸ò.xbR1k�G%!���!�+��� let �t6S¸ : denote the set��6°��6�% : �&%9� Þc:C� 68%9� Þc: 4¹¸g� . Let º�.<br1sÕª» z�¼ Ø�×§Ø�æ&> ñ � � � è
denote the set ��6�et�!��6
¸ :!:¬� ¸ � � -�68et��h : � of assign-
ments that satisfy the transition of states in b reading
the bottom-of-store symbol h . The symbol º is added
to the store-bottom-symbol h as the store-bottom-symbol
of the pushdown automaton. Let Ò � �^�G�����&a©1Ó��&b � � - � �&e �' �(6�hg�'º : �&� � � where the set of states is b � ��INBºÎ�!�Gº��?1 b¡1½
 äª� , the initial state is e �' �¡6�N�ºÎ�&e ' ����6�e ' :!: ,
and the parity acceptance condition is � � �Ö�^�(NBºÎ�!�Gº��+1b«1[�9¸U�9�IHJHJHi�J�INBºÎ�!�Gº��~1nbr13�Fä$�G� . The NBº and �Gº states
are just as in nondeterministic automata. The definition of
the transition function and the extension of the pushdown
store is quite technical. Details follow.

In order to define the transition function - � we define a
function ã0)?ax1¬Ó<1/aÉ, Ó that tells us how to ex-
tend the pushdown store. In case that on top of the push-
down store stands the pair 6��$��
 : and we want to emu-
late the extension of the stack with � � then we add to the
pushdown store the pair 6�� � �&ã�6��$��
��)� ��:�: . For every state%p4¡b , in order to test whether to add the pair 6�%U��¸ : to
7� where ¸0.a
 äª��15br1[�F%������P��� we construct an APW
that moves between the letters � and � � . The transition of
states in ¸ that read � � is set to A�B�C�D and states not in d
that read � � are set to QSR!T�UVD . The pair 68%9�'¸ : is added if
the APW has an accepting run4. Formally, for every state�p4Rb and every subset ¸�.x
 äª��1¦bw1\�G%!���!�+��� we
define the APW �

û � ¾¿ � Ã � ¿ Í �*�^�G�D�9�&b � � ��#$���i�&� � � � where the
set of states is b � � �ò�(���j�\6^�V�D�Ä1¬bR1y
 ä�� : �\6^�g� � �P1b 1E
 ä���1v�G%!�����P��� : , the parity acceptance condition is� � � �K���V�D�?1 bK15��¸��9�IHJHIHi�µ�V�D�?1 b²1n�Fä$�G� , and the tran-
sition function # is as follows5.
´ #$6��i�!� : is obtained from -�6��i�)� ��: by replacing68%9���P� : by 6�� � �&%9�!�t6�% : ���P� : , replacing 68%9��%�� : by6�� � ��%9����68� : �&%!� : , and replacing 68%9���Ä� : by 6��$�&%9����68% :!: .
´ #$6�� � �&%9�!�F� Þc: �	À AVB�C�D if 6°�F��%U� Þc: 4l¸QSR!T�UVD if 6°�F��%U� Þc:vÁ4l¸
´ #$6��D��%9��� : � �F > � ¾WÍ G ý Ã �F â Í^� > Í�� Â G ý ¾7Í � â 6°� � �&% � � Þc: where

� â )/
 ä���1ub²1s�F%������P���",®b � � is
4This construction resembles the transformation of APW with Ã -moves

to APW without Ã -moves in [49].
5Note that the parity acceptance condition does not include states inÄ$Å Æ^Æ Ç�È�ÉËÊ0Ì�ÊÎÍ ÏVÐ�ÊvÆ'Ñ�ÒªÓ�Ô&Õ�É�È . These states cannot occur more than

once on a path and adding / removing them from Ö È È does not matter.

� â 6°� � �&% � � Þc: � À 6�� � ���PNBº�6°�F��� ��: ��% � ��%�� : if Þ �v�P�6��$���PNBº�6°�F�!� �à: �&% �;: if Þ �¶%!�
Finally, ã�6��D��
�� � �;: �/
 � such that for every state %?4Äb and
set ¸`.×
 ä���1�b¦1c�G%!���!�+��� we have 6�%U��¸ : 4+
 � iff � > � ¾¿ � Ã � ¿ Í
has some accepting run 6.

The transition function - � )Îb � 1[aq15Ó<, w T 68b � 1�G%!���8�D���������W%G��68� : )p�z42a015Ó�� : is defined as follows.
For every �l4ua , and 
s4ÄÓ we have
´ - � 6�6��GºÎ�&et��N : �(6��$��
 :�: is obtained from -�6�et�)� : by

replacing 6�%U��%!� : by 6!6��GºÎ��%U�!��68% :�: �&%!� : , replacing68%9�8���W%(��6�� ��:�: by 6�68�GºÎ�&%9����68% :!: ���D�7%G��6�� � �&ã�6��D��
�� � ��:�:!: ,
replacing 68%9���$��� : by 6!6��GºÎ�&%9�!�t6�% :�: �8�D��� : , and replac-
ing 6�%U�!�P� : by 6!6°NBºÎ�&%9����6�% :!: ��%�� : .

´ - � 6�6°NBºÎ�&et��N : �(6��$��
 :�: � �F Ø�� ¾ G ý Ã �F â � > � Â G ý ¾ ��6��F�&%9� Þc:
where ��)/
 ä���1ub²1s�F%!�����P���C,®b � is as follows.

��6��F�&%9� Þc: �ÙÀ 6�NBºÎ�&%9��� : Þ �\%!�68�GºÎ�&%9��� :©Þ �¦�P�
Prior to showing that � is empty iff Ò is empty we show

that whenever the contents of the pushdown store is {®468a\1�Ó : } with the letter 6��$��
 : on top of the pushdown store
(the first letter of { ) and 68et�'¸ : 4u
 then we can find a run
tree whose root is labeled by 6�et��{ �à: and all its leaves are
labeled by configurations 68%9��³j6°{����!�t�i� :!: for 6��F�&%9�!�t�i� : 4M¸
where { � is the projection of { on its component in a (withhk� concatenated on top) and all infinite paths in the tree are
accepting according to � . Formally, we have the following.

We extend the function ã to a function ãs)9��d��j_��g�5,68a\1�Ó : } just like we did for ST-NBW. and we use the head
location as defined for ST-NBW. A b¶1c�Îd��j_j��� -labeled
tree ��dC����� is a partial run of � if for every node � 4+d with��6°� : �r6�et�!{ : and -�6�et� ¯ 6°{ :!: �×X there exists a (possibly
empty) set ��68e E �!�t�i� E : �IHJHJHI�I68e Â �!�t�i� Â : � � ��X and � has �
successors � E �IHJHJHJ��� Â such that ��6���ß : �w6�e�ß���³j6°{?�&���µ��ß :!: .
We say that a set ¸0.a
 äª��1nbr1[�F%!�����P��� is Ê -reachable
from configuration 6�et��{ : if there exists a partial run ��dC�����
such that all the following hold.
´ The root of d is labeled by ��6�� : �K6�et��{ : .
´ For every node �¶4kd such that ��6�� : �w6�%9��{ �à: thenã�6°{ : �¶ã�6°{ �à: (this means that { and { � are the same

but for the location of the head indicator � ).
´ For every node �n4ud such that ��6�� : �²68%9��{ ��: one of

the following holds.

– � is a leaf or �u�¶� and Ê�6°{ �à: �\Ê!6°{ : or Ê!6°{ �à: �Ê�6°{ : �¬¸ .
6Notice that once a pair Æ£Ñ�ÓSÚ�È is added to Û$È then for every supersetÚ,È such that Ú�Ü4Ú,È we have Æ£Ñ�ÓSÚ�È;È@Ý&Û�È . In practice, it is sufficient to

add Æ£Ñ�Ó�Ú�È , however this would complicate the proof beyond necessary.



– � is internal and � ì�\� and Ê�6�{ �à: �/Ê!6°{ : .
´ For every leaf �54 d such that ��6�� : �¡68%9�!{ � : and the

minimal rank on the path from the root to this leaf is �
we have 68%9���F�&�t�i� : 4l¸ and { � �k³j6°{��!�t�i� : .

´ Every infinite path in d is accepting according to � .

Claim 5.6 For every configuration 68et��{ : and set ¸ .
 ä��I1§bn1��G%!���!�+��� we have ¸ is Ê!6°{ : -reachable from 68et��{ :
iff 68et�'¸ : 4P
ª� F�� G .
Proof: Consider a configuration 6�et��{ : and a set ¸ .
 ä��Z1cbv1 �G%!���!�+��� . Assume that ¸ is Ê�6�{ : -reachable from6�et��{ : . There exists a partial run �°d"����� such that all the
leaves of d are labeled by states in ¸ . We show by induc-
tion on �Þ�/Ê!6°{ : that 6�et�'¸ : 4¦
~� F�� G . If �-�0Ê!6°{ : then
the transition of 68et��{ : has to be supplied by states labeled
by %�� and �P� . In this case, for the set ¸ of e ’s successors
we have 6�et�'¸ : 4s
~�²�Hº . Suppose �ß�¶Ê!6°{ : . We define
an equivalence relation on the nodes of d . Each equiva-
lence class corresponds to the partial run that shows that
some set ¸ � is Ê�6�{ :WÜ ¸ -reachable from some configuration6�e � ��{ � : . Then we use the induction assumption to show that6�e � �'¸ ��: 4+
�� F � G T E and prove that 6�et�'¸ : 4+
~� F�� G . Formally,
we have the following.

Let ã�6°{ : �`6°{ E ��
 E : �JHIHJHJ�(6°{.�~��
~� : . We abuse notation
and for a node � such that ��6°� : �®6�e � �!{ �à: we write Ê!6°� :
for Ê�6�{ �à: . Recall that every node � such that Ê�6�� : »/Ê�6�{ : is
either the root of d or a leaf. For every node � we add an
annotation to � another node in d . If Ê!6°� : »`Ê!6°{ :ÎÜ ¸ we
annotate � by itself. If Ê!6°� : �¡Ê�6�{ :�Ü ¸ then we annotate� by the least node � � such that Ê!6°� �à: �¶Ê�6�{ :�Ü ¸ and there
exists no � � ¹k� � � ¹k� such that Ê�6�� � ��: »¦Ê!6°{ :�Ü ¸ . We say
that two nodes � and � � are equivalent if the annotation of� and � � is equal.

For a node � such that Ê!6°� : �®Ê�6�{ :­Ü ¸ consider the
tree d�à consisting of all the nodes in the equivalence class
of � and their immediate descendants. That is, d@à includes
internal nodes with head location greater than Ê!6°{ :�Ü ¸ and
leaves with head location at most Ê!6°{ :­Ü ¸ . Let ��6°� : �6�e � ��{ �à: and let ¸ª.á
 ä��C1¬bw1¦�F%������P��� be a set such
that for every leaf �[4¬d à such that ��6°� : � 6�e � � ��{ � �à: , � is
the minimal rank on the path from the root to � , and { � � �³�6�{ � �&�t�i� : then 68e � � �!�F�!�t�i� : 4y¸ . If � is a leaf in d à thenÊ�6°� : �wÊ�6�{ :�Ü ¸ or Ê�6�� : �xÊ!6°{ : . If follows that d à is a
partial run connecting 68e � ��{ ��: to ¸ manifesting the fact that¸ is Ê!6°{"� : -reachable from 6�e����!{"� : . As Ê!6°{�� : �\Ê�6�{ :tÜ ¸ we
conclude that 6�e � �'¸ : 4+
ª� F�� G T E .

From above it is obvious that with every node � such
that Ê�6�� : � Ê�6°{ :�Ü ¸ we can associate a set ¸âà/.¢
 ä��	1br1[�F%������P��� that ‘labels’ all the leaves of d�à . For every
triplet 6��F�&%9�!�t�i� : in ¸8à we choose one leaf � àâ � > � ¿JÁ û in d�à
that is ‘labeled’ by this triplet. Let d � be the minimal tree
such that �p4½d � and for every node �q4rd � and every

triplet 6°�F�&%9�&���µ� : 4a¸ à the leaf � àâ � > � ¿µÁ û 4¡d � . Let ¸|.
 äª��1 b«15�G%!�����P��� denote the set of labels of leaves in d
with the minimal ranks from the root to them. We claim
that �°d � �!� � � where � � is the restriction of � to d � is a run of� Ø�� ¾��ã ©åäª­ � Ã ã ©æä�­ � �[ã ©æä�­ � � . From the explanation above it is clear
that it is a valid run of � Ø'� ¾�[ã ©æä�­ � Ã ã ©åäª­ � ��ã ©åäª­ � � . We show that it
is accepting. Every infinite path in d � visits infinitely many
nodes � such that Ê�6�� : �=Ê!6°{ :�Ü ¸ . However, an infinite
path in d � corresponds to an infinite path in d . As the path
in d is accepting we conclude that the path in d � is also
accepting.

In the other direction, assume that 68et�'¸ : 4¦
~� F � G . We
prove by induction on �Þ�kÊ�6�{ : that ¸ is Ê!6°{ : -reachable
from 68et��{ : . For �M�`Ê�6°{ : , we know that 
!�K��º and ev-
ery pair 6°�i�'¸ : 4Zº corresponds to a partial run that shows� -reachability of ¸ from 6�et�!{ : . Suppose � �ªÊ!6°{ : .
We use the induction assumption to replace every transition
of � Ø'� ¾�[ã ©æä�­ � � � Ã ã ©åäª­ � � � ��ã ©åäª­ by the partial run that is promised
from the membership of 6�et��¸ : in 
~� F � G T E . This is clearly a
legal partial run that connects 6�et�!{ : to ¸ . We have to show
that the run is accepting. An infinite path that remains from
some point onwards inside some partial run is definitely ac-
cepting. An infinite path that is the result of the concatena-
tion of infinitely many partial runs is also accepting because
every node is marked by the minimal rank between the root
and the leaf.

We are now ready to prove the following claim.

Claim 5.7 å�6�� : �¶í iff å�68Ò : �\í .
Proof: From the previous claim it is clear that we can con-
vert a run of � on �tL to a legal run of Ò . Showing that this
run is also accepting is not different from the arguments
used in Claim 5.6.

The other direction is also similar. By popping the partial
runs promised by Claim 5.6 we convert a run of Ò to a valid
and accepting run of � .

Theorem 5.8 [33] The emptiness problem of a PD-APW EÒy�m�^�G�����&a��&bc��-F�!eJ'F��fg�ihg�!��� with º states and index ä
can be determined in time 6 � a � º�ä : ¥ F�F¨·�z G ¦ G .
Theorem 5.9 The emptinesss problem of a ST-APW E
with º states and index ä can be determined in time
Õ F¨·$z G ¦ § ±'¨~© � ¦ � ­ .
Corollary 5.10 The model checking problem of a graph
automaton � and a micro-macro stack system _ can be de-

termined in time Õ ±'¨~©¤©£« ç"« « è"« ­ ¦ ­ .



6 Conclusions and Future Work

We propose a class of graphs called micro-macro stack
graphs that strictly contains the class of prefix-recognizable
graphs. We give direct automata-theoretic algorithms for
model checking � -calculus over micro-macro stack graphs.
Our model checking algorithms is double exponential.

Since their introduction in [15], prefix-recognizable
graphs have been thoroughly studied. As a few examples we
mention, games on prefix-recognizable graphs [14], char-
acterization of languages accepted by prefix-recognizable
graphs [41], and prefix-recognizable structures [3]. There
are many equivalent ways to represent prefix-recognizable
graphs, using rewrite rules, as the outcome of regular re-
striction and inverse regular substitution on the infinite bi-
nary tree [15], as monadic second order logic interpretations
in the infinite binary tree [3], and as graph equations [15, 1].
All these issues need to be studied for mMs graphs.

As mentioned, the class of micro-macro stack graphs is
contained in the class of high order pushdown graphs. As
the monadic second-order theory of the latter is decidable
[31], it follows that the monadic second-order theory of
micro-macro stack graphs is decidable.
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