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Introduction

Let k be a complete discrete valuation field andk◦ its ring of integers. In this work
we extend the construction of the vanishing cycles functor for formal schemes of
locally finite type overk◦ from [Ber3] to a more broad class of formal schemes
that includes, for example, formal completions of the above formal schemes along
arbitrary subschemes of their closed fibres. We prove that ifX is a scheme of
finite type over a Henselian discrete valuation ring with the completionk◦ and
Y is a subscheme of the closed fibreXs, then the vanishing cycles sheaves

of the formal completionX̂/Y of X along Y are canonically isomorphic to
the restrictions of the vanishing cycles sheaves ofX to the subschemeY . In
particular, the restrictions of the vanishing cycles sheaves ofX to Y depend

only onX̂/Y , and any morphismϕ : X̂ ′
/Y ′ → X̂/Y induces a homomorphism

from the pullback of the restrictions of the vanishing cycles sheaves ofX
to Y to those ofX ′ to Y ′. Furthermore, we prove that, given̂X/Y and

X̂ ′
/Y ′ , one can find an ideal of definition of̂X ′

/Y ′ such that if two morphisms

ϕ,ψ : X̂ ′
/Y ′ → X̂/Y coincide modulo this ideal, then the homomorphisms

between the vanishing cycles sheaves induced byϕ andψ coincide. These facts
generalize results from [Ber3], where the case whenY is open inXs was
considered, as well as results of G. Laumon, J.-L. Brylinski and the author from
[Lau], [Bry] and [Ber5], respectively, where certain cases whenY is a closed
point of Xs were considered (see Remarks 4.2 and 4.6). Finally, we prove a
vanishing theorem which states that theq-dimensionaĺetale cohomology groups
of certain analytic spaces of dimensionm are trivial for q > m. This class
of analytic spaces includes, for example, the finiteétale coveringsΣd,n of the
Drinfeld half-planeΩd constructed by V. Drinfeld in [Dr]. (The vanishing result
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for Ωd follows from the work of P. Schneider and U. Stuhler [ScSt] where all
the cohomology groups ofΩd are calculated.)

In §1 we recall a construction of P. Berthelot ([Bert]) that associates with
a formal schemeX over k◦ of a certain type (called special in this paper) its
generic fibreXη (which is ak-analytic space), a reduction mapπ : Xη → Xs

and, for subschemeY ⊂ Xs, a canonical isomorphism (X/Y )η
∼→π−1(Y ).

(The analytic domainπ−1(Y ) is called the tube ofY in X.) In §2 we construct
for a special formal schemeX the nearby cycles and vanishing cycles functors
Θ : Xη̃ ét → Xs̃ét andΨη : Xη̃ ét → Xs̃ét. In §3 we prove the comparison theorem
which states that ifX is a scheme of locally finite type overk◦, Y is a
subscheme ofXs, F is an abelian constructible sheaf onXη with torsion

orders prime to char(̃k), and F̂/Y is its pullback on (X̂/Y )η, then there are

canonical isomorphisms (RΘF )
∣∣
Y

∼→RΘ(F̂/Y ) and (RΨηF )
∣∣
Y

∼→RΨη(F̂/Y ).
The proof uses the recent stable reduction theorem of A. J. de Jong from [deJ].
The comparison theorem implies that ifY is a subscheme of the closed fibre of
a smooth formal schemeX over k◦ andΛ = Z/nZ, wheren is prime to char(̃k),
then H q(Y , Λ)

∼→H q(π−1(Y ), Λ), and if, in addition, the closure ofY in Xs

is proper thenH q
c (Y , Λ)

∼→H q

π−1(Y )
(Xη, Λ). This means that the construction

of P. Berthelot ofp-adic cohomology ofY in terms of certain cohomology of
the tubeπ−1(Y ) makes sense also forl -adic cohomology,l 6= p = char(̃k). In
§4 we prove the continuity theorem. In§5 we prove a more general version of
the Generalized Krasner Lemma 7.3 from [Ber3], introduce a class of analytic
spaces called quasi-affine and show that any analytic space that admits a finite
étale morphism to a quasi-affine analytic space is quasi-affine. In§6 we prove
the vanishing theorem for paracompact quasi-affine analytic spaces. Here the
comparison theorem (in the form of [Ber3]) is used to reduce the statement to
the affine Lefschetz theorem.

The problem of proving the properties of the vanishing cycles sheaves es-
tablished in this paper has arisen in P. Deligne’s work [Del]. In that work he
constructed a certain representation of the group GL2(Qp)×B∗

2,Qp
×WQp in terms

of cohomology of the vanishing cycles sheaves of modular curves, whereBh,Qp

is the skew field with centerQp and invariant 1/h. The non-evident fact was
that the representation constructed is smooth for the groupB∗

2,Qp
. In [Car1], a

similar representation for a finite extension ofQp was constructed in terms of
cohomology of the vanishing cycles sheaves of certain Shimura curves (using the
properties of the vanishing cycles sheaves of relative curves established in [Bry]).
In [Car2], H. Carayol generalized that construction to obtain for every local field
F and for everyh ≥ 1 a representationUv

h,F of the group GLh(F )×B∗
h,F ×WF ,

and conjectured a description of it in terms of the local Langlands and Jacquet-
Langlands correspondences. That the representationUv

h,F is smooth for the group
B∗

h,F follows from the results of this paper.
Like [Ber3] and [Ber5], this work arose from a suggestion of P. Deligne to

apply theétale cohomology theory from [Ber2] to the study of the vanishing
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cycles sheaves of schemes. I am very grateful to him for this and to A. J. de
Jong who explained me his results from [deJ]. I am also grateful to the referee
for useful remarks. I gratefully appreciate the hospitality and support of Harvard
University where this work was done.

1. Special formal schemes and their generic fibres

Let R be a topological adic Noetherian ring whose Jacobson radical is an ideal
of definition (see [EGA1] Ch. 0,§7). We say that a topologicalR-algebraA is
specialif A is an adic ring and, for some ideal of definitiona⊂ A, the quotient
rings A/an, n ≥ 1, are finitely generated overR. The following lemma lists
properties of specialR-algebras which follow easily from [Bou], Ch. III and V.

Lemma 1.1. Let A be ana-adic special R-algebra. Then
(i) A is a Noetherian ring and its Jacobson radical is an ideal of definition;
(ii) every idealb ⊂ A is closed, and the quotient ring B:= A/b is anaB-adic

special R-algebra;
(iii) if A → B is a continuous surjective homomorphism between special R-

algebras andb is its kernel, then A/b is topologically isomorphic to B;
(iv) if an idealb ⊂ A is open, then the completion B:= Â of A in theb-topology

is a bB-adic special R-algebra;
(v) if B is a special R-algebra, then so is A⊗̂RB;
(vi) the algebra of restricted power series B:= A{T1, . . . ,Tn} is an aB-adic

special R-algebra;
(vii) the algebra of formal power series B:= A[[T1, . . . ,Tn]] is a b-adic

special R-algebra, whereb is generated bya and T1, . . . ,Tn.

An adic R-algebraA is said to betopologically finitely generated over Rif
A is topologicallyR-isomorphic to a quotient algebra of the algebra of restricted
power seriesR{T1, . . . ,Tn}. By [EGA1], Ch. 0, 7.5.3, the latter is equivalent to
the fact thatJA is an ideal of definition ofA andA/JA is finitely generated over
R, whereJ is an ideal of definition ofR. By Lemma 1.1, any adicR-algebra
topologically finitely generated overR is special.

Lemma 1.2. Let A be ana-adic R-algebra. Then the following are equivalent:
(a) A is a special R-algebra;
(b) A/a2 is finitely generated over R;
(c) A is topologically R-isomorphic to a quotient of the special R-algebra

R{T1, . . . ,Tm}[[S1, . . . ,Sn]] .

We remark thatR{T1, . . . ,Tm}[[S1, . . . ,Sn]] = R[[S1, . . . ,Sn]]{T1, . . . ,Tm}.

Proof . The implication (c)=⇒(a) follows from Lemma 1.1, and (a)=⇒(b) is
trivial. We have to prove (b)=⇒(c). Let f1, . . . , fm (resp.g1, . . . , gn) generateA/a
(resp.a/a2) over R (resp.A/a), and letϕ : B := R{T1, . . . ,Tm}[[S1, . . . ,Sn]] →
A be the continuousR-homomorphism that takesTi to fi andSj to gj . It suffices
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to show thatϕ is surjective. By Lemma 1.1, the idealb ⊂ B generated byJ and
S1, . . . ,Sn, whereJ is an ideal of definition ofR, is an ideal of definition ofB,
and one hasϕ(b) ⊂ a. Therefore, by [Bou], Ch. III,§2, Prop. 14, it suffices to
show that all the induced homomorphismsb/bi → a/ai , i ≥ 1, are surjective.
The latter is easily verified by induction.

A formal schemeX over R (i.e., over Spf(R)) is said to bespecial(resp. of
locally finite type) if if it is a locally finite union of affine formal schemes of
the form Spf(A), whereA is an adic algebra special (resp. topologically finitely
generated) overR. The category of formal schemes special (resp. of locally
finite type) overR will be denoted byR-SF sch (resp.R-F sch). This category
admits fibre products. (Of course,R-F sch is a full subcategory ofR-SF sch.)
A morphismY → X in R-SF sch is said to be oflocally finite typeif locally it is
isomorphic to a morphism of the form Spf(B) → Spf(A), whereB is topologically
finitely generated overA. The latter is equivalent to the fact that, ifJ is an ideal
of definition of X, then JOY is an ideal of definition ofY. A quasicompact
morphism of locally finite type is said to be offinite type. We remark that any
open subscheme of a formal scheme special (resp. of locally finite type) over
R is of the same type and that, if Spf(A) ∈ R-SF sch, thenA is special (resp.
topologically finitely generated) overR.

Let k be a non-Archimedean field with a discrete valuation (which is not
assumed to be nontrivial),k◦ the ring of integers ofk, k◦◦ the maximal ideal
of k◦, k̃ = k◦/k◦◦ the residue field ofk. If X ∈ k◦-SF sch, then the ringed
space (X,OX/J ), whereJ is an ideal of definition ofX that containsk◦◦,

is a scheme of locally finite type over̃k. It is called theclosed fibreof X and
is denoted byXs. The schemeXs depends on the choice of the idealJ but
the underlying reduced scheme and theétale topos ofXs do not. (ForX ∈ k◦-
F sch, one can takeJ = k◦◦OX and then one gets the closed fibre defined in
[Ber3].) We remark that for a subschemeY ⊂ Xs the formal completionX/Y
of X along Y is a special formal scheme overk◦. We will define a functor
k◦-SF sch→ k-An that associates with a special formal schemeX its generic
fibre Xη ∈ k-An, and we will construct areduction mapπ : Xη → Xs.

If X = Spf(A), where A = k◦{T1, . . . ,Tm}[[S1, . . . ,Sn]], we set Xη =
Em(0; 1)× Dn(0; 1), whereEm(0; 1) andDn(0; 1) are the closed and the open
polydiscs of radius 1 with center at zero inAm andAn, respectively. The space
Xη is exhausted by a sequence of affinoid domainsX1 ⊂ X2 ⊂ . . . such that
eachXn is a Weierstrass domain inXn+1 (i.e., X is a Stein space). The canonical
homomorphismsA → AXn are continuous, and the image ofA⊗k◦ k in each
AXn is everywhere dense. (If the valuation onk is trivial, thenA

∼→O (Xη).) Any
morphismϕ : Y → X, whereY is of the same form, induces in the evident way
a morphism ofk-analytic spacesϕη : Yη → Xη.

Suppose now thatX = Spf(A), whereA is an arbitrary specialk◦-algebra. We
fix a surjective homomorphismα : A′ := k◦{T1, . . . ,Tm}[[S1, . . . ,Sn]] → A. Let
a be the kernel ofα. We setX′ = Spf(A′) and defineXη as the closedk-analytic
subspace ofX′

η defined by the subsheaf of idealsaOX′
η

. In particular,Xη is
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identified with the set of continuous multiplicative seminorms onA that extend
the valuation onk◦ and whose values are at most 1, and it is exhausted by a
sequence of affinoid domainsX1 ⊂ X2 ⊂ . . . such that eachXn is a Weierstrass
domain in Xn+1. Furthermore, the canonical homomorphismsA → AXn are
continuous, and the image ofA⊗k◦k in eachAXn is everywhere dense. It follows
that a compact subsetV ⊂ Xη is an affinoid domain if and only if there exist
a k-affinoid algebraAV and a continuous homomorphismA → A◦

V such that
the imageM(AV ) in Xη is contained inV and any continuous homomorphism
A→ B ◦, whereB is an affinoidk-algebra, for which the image ofM(B ) in
Xη is contained inV , is extended in a unique way to a boundedk-homomorphism
AV → B . This implies easily that the correspondenceX 7→ Xη is a functor,
and if Y is an open affine formal subscheme ofX, then the canonical morphism
Yη → Xη identifiesYη with a closed analytic domain inXη.

If X is arbitrary, we fix a locally finite covering{Xi }i∈I by open affine
subschemes of the form Spf(A), whereA is a specialk◦-algebra. Suppose first
that X is separated. Then for any pairi , j ∈ I the intersectionXij = Xi ∩ Xj is
also of the same form,Xij ,η is a closed analytic domain inXi ,η, and the canonical
morphismXij ,η → Xi ,η × Xj ,η is a closed immersion. By [Ber2], 1.3.3, we can
glue all Xi ,η along Xij ,η, and we get a paracompact separatedk-analytic space
Xη. We remark that the correspondenceX 7→ Xη is a functor that extends the
functor constructed for the affine formal schemes, and ifY is an open formal
subscheme ofX, thenYη is a closed analytic domain inXη. If X is arbitrary,
thenXij = Xi ∩ Xj are separated formal schemes, andXij ,η is a closed analytic
domain in thek-analytic spaceXi ,η. Therefore we can glue allXi ,η alongXij ,η

and get a paracompactk-analytic spaceXη. We remark that the correspondence
X 7→ Xη is a functor to the category of paracompactk-analytic spaces, and this
functor commutes with fibre products. Ifϕ : Y → X is a morphism of finite
type, then the induced morphismϕη : Yη → Xη is compact. We also remark
that if ϕ : Y → X is finite (resp. flat finite), then so isϕη : Yη → Xη.

The reduction mapπ : Xη → Xs is constructed as follows. Supposed first that
X = Spf(A). Then a pointx ∈ Xη defines a continuous characterχx : A→ H (x).

The latter defines a characterχ̃x : As = A/a → H̃ (x), wherea is an ideal of
definition of A that containsk◦◦. The kernel ofχ̃x , which is a prime ideal ofAs,
is, by definition, the pointπ(x) ∈ Xs = Spec(As). We remark that ifY is an open
formal subscheme ofX, then the reduction maps forX and Y are compatible
and Yη

∼→π−1(Ys). (This is reduced toY of the form Spf(A{f }), and is easily
verified for suchY.) This remark allows one to extend the construction of the
reduction map for arbitrary special formal schemes overk◦.

Proposition 1.3. Let X ∈ k0-SF sch. Then for any subschemeY ⊂ Xs, there
is a canonical isomorphism(X/Y )η

∼→π−1(Y ) .

Proof . We may assume thatY is closed inXs andX = Spf(A). Let f1, . . . , fn
be elements ofA such that their images inAs generate the ideal ofY . Then the
canonical morphismϕ : (X/Y )η → π−1(Y ) = {x ∈ Xη

∣∣|fi (x)| < 1, 1≤ i ≤ n}
is a homeomorphism. And so it suffices to verify that ifV is an affinoid domain



372 V. G. Berkovich

in (X/Y )η, thenϕ(V ) is an affinoid domain inXη and Aϕ(V )
∼→AV . This is

easily obtained from the description of affinoid domains inXη.

2. The vanishing cycles functor

A morphismϕ : Y → X in k◦-SF sch is said to beétale if it is of locally
finite type and for any ideal of definitionJ of X the morphism of schemes
(Y,OY/JOY) → (X,OX/J ) is étale. The following is a straightforward gen-
eralization of Lemmas 2.1-2.2 and Proposition 2.3 from [Ber3].

Proposition 2.1. (i) The correspondenceY 7→ Ys induces an equivalence be-
tween the category of formal schemes ´etale overX and the category of schemes
étale overXs.

(ii) If ϕ : Y → X is an étale morphism, thenϕη(Yη) = π−1(ϕs(Ys)). In
particular, ϕη(Yη) is a closed analytic domain inXη.

(iii) If ϕ : Y → X is an étale morphism, then the induced morphism of
k-analytic spacesϕη : Yη → Xη is quasi-étale (see [Ber3],§3).

More generally, letK be a subfield of a separable closureks of k, and let
X ∈ k◦-SF sch. We denote byXsK and XηK the closed and generic fibres of
the formal schemeXK := X⊗̂k◦ K̂ ◦, i.e., XsK = Xs ⊗ K̃ andXηK = Xη⊗̂K̂ . We

also setXs = Xs ⊗ k̃s and Xη = Xη⊗̂k̂s. A morphismϕ : Y → XK of formal
schemes over̂K ◦ is said to béetale if locally it comes from ańetale morphism
Y′ → Xk′ in k′◦-SF sch for some finite extensionk′ of k in K . It follows
from Proposition 2.1 that for suchY the closed fibreYs, the generic fibreYη

and the reduction mapπ : Yη → Ys are well defined, and all the statements
of Proposition 2.1 also hold forXK instead ofX. We fix a functorYs 7→ Y

from the category of schemesétale overXsK to the category of formal schemes
étale overXK which is inverse to the functor from that more general Proposition
2.1(i). The composition of the latter functor with the functorY 7→ Yη induces
a morphism of sitesν : XηK qét → XsK ét. If µ denotes the morphism of sites
XηK qét → XηK ét, we get a left exact functor

ΘK = ν∗µ∗ : Xη̃K ét −→ Xη̃K qét −→ Xs̃K ét .

The following is a straightforward generalization of Proposition 4.1 and Corollary
4.2 from [Ber3].

Proposition 2.2. Let F be anétale sheaf onXηK .
(i) If Ys is étale overXsK , thenΘK (F )(Ys) = F (Yη).
(ii) If F is an abelian sheaf, then RqΘK (F ) is associated with the presheaf

Ys 7→ H q(Yη,F ).
(iii) If F is a soft abelian sheaf, then the sheafΘK (F ) is flabby.

We denote byΘK the functorXη̃ ét → Xs̃K ét : F 7→ ΘK (FK ), whereFK is
the pullback ofF on XηK . We remark that a sheafF is soft then, by [Ber3],
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Lemma 3.2, the sheafFK is also soft, and therefore for anyF there is a canonical
isomorphismRqΘK (F )

∼→RqΘK (FK ), q ≥ 0. We are especially interested in the
nearby cycles functorΘ = Θk : Xη̃ ét → Xs̃ét and thevanishing cycles functor
Ψη = Θks : Xη̃ ét → Xs̃ét. But to save place (at least in this section) we consider
the functorΘK for an arbitrary extensionK of k in ks.

Corollary 2.3. (i) For an étale morphismY → X in k◦-SF sch and F∈ S(Xη),
one has(RqΘK F )

∣∣
YsK

∼→RqΘK (F
∣∣
YηK

), q ≥ 0.

(ii) For a morphismϕ : Y → X in k◦-SF sch and F· ∈ D+(Yη), one has

RΘK (RϕηK ∗F ·) ∼→RϕsK ∗(RΘK F ·) .

In particular, if F · ∈ D+(Xη), then RΓ (XsK ,RΘK F ·) ∼→RΓ (XηK ,F
·).

Proposition 2.4. Let Y be a closed subset ofXs and F· ∈ D+(Xη). Then
there is a canonical isomorphism RΓY

K̃
(XsK ,RΘK F ·) ∼→RΓπ−1(Y )K

(XηK ,F
·). In

particular, if X is of locally finite type over k◦ and Y is quasicompact, then
RΓY

K̃
(XsK ,RΘK F ·) ∼→RΓc(π−1(Y )K ,F ·).

Proof . It suffices to verify the following two facts forU = π−1(Y )K and
F ∈ S(XηK ):

(1) H 0
Y

K̃
(XsK , Θ

K (F )) = H 0
U (XηK ,F );

(2) if F is soft, thenH p
Y

K̃
(XsK , Θ

K (F )) = 0 for p ≥ 1.

(1) One hasH 0
U (XηK ,F ) = Ker(F (XηK ) → F (XηK \U )). By the definition

of ΘK (F ), one hasF (XηK ) = ΘK (F )(XηK ) andF (XηK \U ) = ΘK (F )(Xs
K̃
\Y

K̃
),

and therefore the group considered coincides withH 0
Y

K̃
(XsK , Θ

K (F )).

(2) If F is soft, then the homomorphismΘK (F )(XsK ) = F (XηK ) →
→ ΘK (F )(XsK \YK̃

) = F (XηK \U ) is surjective and, by Proposition 2.2(iii),
the sheafΘK (F ) is flabby. The required fact follows.

For ak-analytic spaceX (resp. a schemeY over k̃), we setX = X⊗̂k̂s (resp.
Y = Y ⊗ k̃s).

Corollary 2.5. Let X be of locally finite type over k◦, Y a quasicompact
closed subset ofXs, and F· ∈ D+(Xη). Then there is a canonical isomorphism
RΓY (Xs,RΨηF ·) ∼→RΓc(π−1(Y ),F ·). In particular, if all of the irreducible com-

ponents ofXs are proper, then RΓc(Xs,RΨηF ·) ∼→RΓc(Xη,F ·).

Remark 2.6. (i) There is a canonical action of the Galois groupGη := G(ks/k)
on Ψη(F ) compatible with the action ofGs := G(k̃s/k̃) on Xs. But for arbitrary
special formal schemes overk◦, this action is not necessarily continuous because
the generic fibreXη is not necessarily compact even for a quasicompactX (see
Remark 3.8(iii)). For the same reason, the statement of Proposition 4.6 from
[Ber3] is not true for arbitrary special formal schemes. But I don’t know if the
statement of Theorem 4.9 from [Ber3] is true.
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(ii) One can define as follows a version of the above functorΘK which
possesses the properties mentioned in (i) (and coincides withΘK for formal
schemes of locally finite type). Namely, for anétale abelian sheafF on Xη and
anétale morphismf : U → XK letΘc,K (F )(Us) be the subgroup of alls ∈ F (Uη)
such that for any open quasicompact subschemeV ⊂ U the set Supp(s) ∩Vη is
compact. Then the correspondenceUs 7→ ΘK ,c(F )(Us) is a sheaf onXsK , and one
gets a left exact functorΘc,K : S(Xη) → S(XsK ). From [Ber2], Corollary 5.3.5, it
follows that the canonical action of the Galois groupGη onΨc,η(F ) = Θc,ks(F ) is
continuous and lim−→ RqΘc,k′ (F )

∼→RqΘc,K (F ), where the limit is taken over finite

extensionsk′ of k in K . Furthermore, the proofs of Proposition 4.6 and Theorem
4.9 from [Ber3] are applicable to the functorsΘc = Θc,k andΨc,η and arbitrary
special formal schemes, and therefore their statements hold forΘc andΨc,η. We
also remark that Proposition 2.4 implies the following fact. LetX be of locally
finite type, Y a closed subset ofXs, i the canonical morphismX/Y → X,
F · ∈ D+(Xη), andF ·

/Y the pullback ofF · on (X/Y )η. Then there is a canonical

isomorphismRi !sK
(RΘK F ·) ∼→RΘc,K (F ·

/Y ).

3. The comparison theorem

Let S be the spectrum of a local Henselian ring which is the ring of integersk◦

of a fieldk with a discrete valuation (which is not assumed to be nontrivial), and
let X be a scheme of locally finite type overS . For a subschemeY ⊂ Xs, let

X̂/Y denote the formal completion ofX alongY . SinceX̂/Y coincides with

the formal completion ofX̂ along Y , it follows that this is a special formal
scheme over̂k◦. Its closed fibre can be identified withY , and for the generic

fibre one has, by Proposition 1.3, a canonical isomorphism (X̂/Y )η
∼→π−1(Y ),

whereπ is the reduction mapX̂η → Xs. Furthermore, for a sheafF ∈ X η̃ ét,

let F̂ andF̂/Y denote the pullbacks ofF on X̂η and (X̂/Y )η, respectively.

The nearby cycles and vanishing cycles functors forX as well as forX̂ and
(X̂/Y )η will be denoted in the same way byΘ andΨη.

Theorem 3.1. LetF be anétale abelian constructible sheaf onXη with torsion

orders prime tochar(̃k). Then for any q≥ 0 there are canonical isomorphisms

(RqΘF )
∣∣
Y

∼→RqΘ(F̂/Y ) and (RqΨηF )
∣∣
Y

∼→RqΨη(F̂/Y ) .

Remark 3.2.By the comparison theorem 5.1 from [Ber3], ifY is open inXs,
then the above isomorphisms take place for arbitrary abelian torsion sheaves. If
Y is arbitrary, the assumption on constructibility is necessary even for torsion
sheaves with torsion orders prime to char(k), and the assumption on torsion
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orders is necessary even for constructible sheaves and the case char(k) = 0 (see
Remark 3.8(iii) and (iv)).

Proof of Theorem 3.1.We consider only the case when the valuation onk is
nontrivial, and at the end of the proof we indicate the changes that should be done
in the trivial valuation case. Since the formation of vanishing cycles sheaves of
schemes is compatible with any base change ([SGA41

2], Th. finitude, 3.7), these

sheaves don’t change if we replace the fieldk by its completionk̂. It follows
that the same is true for the nearby cycles sheaves because the Galois groups of
k and k̂ are isomorphic. Thus, we may assume that the fieldk is complete.

Step 1.The theorem is true ifX is semi-stable overS , Y is a union of
irreducible components ofXs, andF = ΛXη , whereΛ = Z/nZ and n is prime

to char(̃k).
Since the statement is local in theétale topology ofX , we may assume

that all of the irreducible components ofXs are smooth. Furthermore, for a
point x ∈ Xs let ν(x) denote the number of irreducible components that contain
x. We prove by induction onν(y) that the homomorphisms of the theorem are
isomorphisms at ańetale neighborhood of the pointy ∈ Y . If ν(y) = 1, thenY
contains an open neighborhood ofy in Xs, and therefore the required statement
follows from the comparison theorem 5.1 from [Ber3]. Assume thatd = ν(y)−
1 ≥ 1 and that the statement is true for all pointsy′ ∈ Y with ν(y′) ≤ d.
Shrinking X , we may assume that there is anétale morphismX → X ′ =
Spec(k◦[T1, . . . ,Td+1,S1, . . . ,St ]/(T1· . . . ·Td+1−w)), wherew is a uniformizing
element ofk◦, such that the irreducible components ofXs are the preimages of
the irreducible components ofX ′

s . Therefore we may assume thatX = X ′.
In this caseXs is a union ofd + 1 irreducible componentsX1, . . . ,Xd+1, where
eachXi is defined by the equationTi = 0. Consider the canonical projection
X → T := Spec(k◦[S1, . . . ,St ]). Let Y = X1 ∪ . . . ∪ Xm, 1 ≤ m ≤ d + 1,

and letf andg denote the induced morphisms of formal schemeŝX → T̂ and
Y := X̂/Y → T̂ , respectively. By the induction, the cohomology sheaves of
the complexG · defined by the exact triangle

−→ (RΘΛXη )
∣∣
Y −→ RΘ(ΛYη

) −→ G · −→

(resp. −→ (RΨηΛXη )
∣∣
Y −→ RΨη(ΛYη

) −→ G · −→ )

are concentrated onX1 ∩ . . . ∩ Xd+1 (resp. X1 ∩ . . . ∩ Xd+1). Sinceg induces
an isomorphism of the intersection withTs (resp.Ts), to prove the statement it
suffices to verify that

Rgs∗((RΘΛXη )
∣∣
Y ) −→ Rgs∗(RΘΛYη

) = RΘ(Rgη∗ΛYη
)

(resp. Rgs∗((RΨηΛXη )
∣∣
Y ) −→ Rgs∗(RΨηΛYη

) = RΨη(Rgη∗ΛYη
) )
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is an isomorphism. SinceRΘ(ΛXη )
∼→RΘ(Λ

X̂η
) (resp.RΨη(ΛXη )

∼→RΨη(Λ
X̂η

)),

it follows that the above homomorphism is an isomorphism form = d + 1.
Thus, to prove our statement, it suffices to verify the following two facts for all
p, q ≥ 0.

(1) Rpfs∗(RqΘΛXη )
∼→ Rpgs∗((RqΘΛXη )

∣∣
Y ) and Rpfs∗(RqΨηΛXη )

∼→
Rpgs∗((RqΨηΛXη )

∣∣
Y );

(2) Rqfη∗(Λ
X̂η

)
∼→Rqgη∗(ΛYη

).

(1) Recall the description of the nearby cycles and vanishing cycles sheaves
of X due to M. Rapoport and T. Zink ([RapZi], see also [Ill], 3.2). For a subset
J ⊂ [1, d + 1], we setXJ = ∩i∈J Xi and, for q ≥ 0, we denote byαq the
canonical morphismXq → Xs, whereXq is the disjoint union of allXJ with
card(J ) = q +1, and byf q the compositionfs◦αq : Xq → Xs → Ts. (Notice that

Xq is a disjoint union ofrq :=

(
d + 1
q + 1

)
affine spaces of dimensiond over Ts.)

Then RqΘ(ΛXη )
∼→αq−1

∗ (ΛXq−1)(−q) for q ≥ 1, Θ(ΛXη ) = ΛXs and this sheaf
has an exact resolution (thěCech resolution defined by the coveringX0 → Xs)

0−→ ΛXs −→ α0
∗(ΛX0) −→ α1

∗(ΛX1) −→ . . .

and for eachq ≥ 0 the sheafRqΨη(ΛXη ) has an exact resolution (induced by
the sameČech resolution)

0−→ RqΨη(ΛXη ) −→ αq
∗(ΛX

q )(−q) −→ αq+1
∗ (Λ

X
q+1)(−q) −→ . . .

We setYq = Y ×Xs Xq, and denote byβq andgq the induced morphisms
Yq → Y and Yq → Ts. Since Yq is a disjoint union of the same number
rq of affine spaces overTs, the universal acyclicity of affine spaces implies that
Rfq
∗ (ΛXq )

∼→Rgq
∗(ΛYq ) = Λ

rq
Ts

. The latter gives the isomorphism (1) for the functor
Θ andq ≥ 1. We now remark that a sheafF on Xs (resp.Xs) possesses the
propertyRfs∗(F )

∼→Rgs∗(F
∣∣
Y ) (resp.Rfs∗(F )

∼→Rgs∗(F
∣∣
Y )) if it admits a

resolution 0→ F → G · such that eachG q, q ≥ 0, possesses the same
property. The isomorphism (1) in all other cases is obtained by applying this
remark and the universal acyclicity of affine spaces to the above resolutions of
the sheavesΘ(ΛXη ) = ΛXs andRqΨη(ΛXη ).

(2) We may assume thatm ≤ d. One hasX̂η
∼→{x ∈ Tη × Ad

∣∣|w| ≤
|T1(x)|· . . . ·|Td(x)| ≤ 1} andYη

∼→{x ∈ X̂η

∣∣|Ti (x)| < 1 for some 1≤ i ≤ m}.
Therefore our statement follows from the following lemma (where the valuation
on k is not necessarily discrete or nontrivial).

Lemma 3.3. Let S be a k-analytic space,0< α < 1 a real number,1≤ m ≤ d
integers. We set X= {x ∈ S × Ad

∣∣α ≤ |Ti (x)| ≤ 1 for all 1 ≤ i ≤ d},
Y = {x ∈ X

∣∣α ≤ |T1(x)|· . . . ·|Td(x)| ≤ 1} and Z = {x ∈ Y
∣∣|Ti (x)| < 1 for some

1 ≤ i ≤ m}. If f , g and h denote the canonical projections X→ S , Y→ S and
Z → S , respectively, then for any q≥ 0 there are canonical isomorphisms
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Rqf∗(ΛX )
∼→Rqg∗(ΛY )

∼→Rqh∗(ΛZ )
∼→(ΛS(−q))

(
d
q

)
.

Proof . The isomorphism between the first and the last sheaves is obtained from
the base change theorem 7.7.1 and the Künneth formula 7.7.3 from [Ber2]. The
isomorphismRf∗(ΛX )

∼→Rg∗(ΛY ) is verified by induction ond. If d = 1, then
Y = X. For d ≥ 2, consider the projections to the firstd−1 coordinatesϕ : X →
X ′ = {x ∈ S× Ad−1

∣∣α ≤ |Ti (x)| ≤ 1 for all 1≤ i ≤ d − 1} andψ : Y → Y ′ =
{x ∈ X ′∣∣α ≤ |T1(x)|· . . . ·|Td−1(x)| ≤ 1}. For y′ ∈ Y ′, one hasϕ−1(y′) = {x ∈
A1

H (y′)
∣∣α ≤ |Td(x)| ≤ 1} andψ−1(y′) = {x ∈ A1

H (y′)
∣∣α′ ≤ |Td(x)| ≤ 1}, where

α′ = α/(|T1(y′)|· . . . ·|Td−1(y′)|). It follows that (Rϕ∗ΛX )
∣∣
Y′

∼→Rψ∗(ΛY ). Since
the cohomology sheaves ofRϕ∗(ΛX ) areΛX′ in dimension zero andΛX′ (−1) in
dimension one, we can apply induction.

To establish the isomorphismRg∗(ΛY )
∼→Rh∗(ΛZ ), consider the projections to

the firstm coordinatesϕ : Y → Y ′ = {x ∈ S×Am
∣∣α ≤ |T1(x)|· . . . ·|Tm(x)| ≤ 1}

andψ : Z → Z ′ = {x ∈ Y ′∣∣|Ti (x)| < 1 for some 1≤ i ≤ m}. We haveZ =
ϕ−1(Z ′), and therefore (Rϕ∗ΛY )

∣∣
Z′

∼→Rψ∗(ΛZ ). SinceRqϕ∗(ΛY ) is isomorphic

to (ΛY′ (−q))r , wherer =

(
d −m

q

)
, the situation is reduced to the casem = d.

We setW = Y\Z = {x ∈ Y
∣∣|Ti (x)| = 1 for all 1 ≤ i ≤ d} and denote

by Φ the g-family of supports ([Ber2],§5.1) such that, for ańetale morphism
ϕ : U → S, Φ(ϕ) consists of the closed subsets ofY ×S U that are contained in
W ×S U . Then there is an exact triangle

−→ RgΦ∗(ΛY ) −→ Rg∗(ΛY ) −→ Rh∗(ΛZ ) −→
Thus, our problem is to show thatRgΦ∗(ΛY ) = 0. We now setY ′ = {x ∈
S × Ad

∣∣|Ti (x)| ≤ 1 for all 1 ≤ i ≤ d} and Z ′ = {x ∈ Y ′∣∣|Ti (x)| < 1 for
some 1≤ i ≤ d}. SinceW = Y ′\Z ′ and Y is a neighborhood ofW in Y ′, our
problem is to verify thatRg′∗(ΛY′ )

∼→Rh′∗(ΛZ′ ), whereg′ andh′ are the canonical
projectionsY ′ → S andZ ′ → S. But ΛS

∼→Rg′∗(ΛY′ ), and therefore we have to
verify thatΛS

∼→Rh′∗(ΛZ′ ).
Consider the covering ofZ ′ by the open setsZi = {x ∈ Z ′∣∣|Ti (x)| < 1},

1 ≤ i ≤ d. For a subsetJ ⊂ [1, d], the intersectionZJ = ∩i∈J Zi is isomorphic
to a direct product ofS with the m-dimensional open unit discDm and the
(d − m)-dimensional closed unit discEd−m, wherem = card(J ). From [Ber2],
7.4.2, it follows thatΛS

∼→Rp∗(ΛZJ ), wherep is the projectionZJ → S. The
spectral sequence of the covering now implies thatΛS

∼→Rh′∗(ΛZ′ ).

Step 2.The theorem is true in the general case.

Since the reasoning is completely the same for the nearby cycles and van-
ishing cycles functors, we consider only the latter ones. We also remark that the
validity of the theorem for sheaves is equivalent to its validity for the corre-
sponding complexes of sheaves. (In the following lemma the valuation onk is
not necessarily nontrivial.)
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Lemma 3.4. Let k′ be a finite extension of k,X ′ a scheme overS ′ = Spec(k′◦),
f : X ′ → X a proper morphism overS , Y ′ the preimage ofY in X ′

s′ , and
F · a bounded complex of constructible sheaves onX ′

η′ with torsion orders prime

to char(̃k). If the theorem is true for the triple(X ′,Y ′,F ·) and the functorΨη′ ,
then it is also true for the triple(X ,Y ,Rfη∗(F ·)) and the functorΨη.

Proof . The situation is easily reduced to the casek′ = k. Let g denote the
induced morphism of the formal schemesY′ := X̂ ′

/Y ′ → Y := X̂/Y . We have

(RΨη(Rfη∗F
·))
∣∣
Y

α∼→ (Rfs∗(RΨηF ·))
∣∣
Y

β
∼→ Rgs∗((RΨηF ·)

∣∣
Y

′ )

γ
∼→ Rgs∗(RΨηF̂ ·

/Y
′ )

δ∼→ RΨη(Rgη∗F̂
·
/Y

′ ) ,

whereα is an isomorphism becausef is proper,β is an isomorphism by the proper
base change theorem for schemes,γ is an isomorphism by the assumption, andδ
is an isomorphism by Corollary 2.3. The sheaf̂F ·

/Y
′ is F an·∣∣

Y′
η

, and we have

Rgη∗(F an·∣∣
Y′

η
)
α∼→ (Rfan

η∗F
an·)
∣∣
Yη

β
∼→ (Rfη∗F

·)an
∣∣
Yη

= ̂(Rfη∗F ·)
/Y ,

whereα is an isomorphism by the weak base change theorem [Ber2], 5.3.6, and
β is an isomorphism by the comparison theorem for cohomology with compact
support [Ber2], 7.1.1. The lemma follows.

We prove the statement by induction ond = dim(Xη). Since the statement
is local with respect toX , we may assume thatX is affine. If j is an open
immersion ofX in a projectiveS -schemeX ′, then replacingX by X ′, Y
by its closure inX ′

s andF by Rjη∗(F ), we may assume thatX is projective
over S .

2.1. If F is concentrated on a closed subscheme of dimension< d, then the
theorem is true forF . Indeed, this follows from the induction hypothesis and
Lemma 3.4 applied to the scheme theoretic closure of the support ofF in X .

2.2. If U is an open dense subset ofXη and j is the canonical open em-
beddingU ↪→ Xη, then the theorem is true forF if and only if it is true for
j! (F

∣∣
U ). Indeed, if i denotes the closed immersionXη\U → Xη, then there

is an exact sequence 0→ j! (F
∣∣
U ) → F → i∗(i ∗F ) → 0, and the statement

follows from 2.1.
2.3. To prove the theorem, it suffices to find for eachF an open dense subset

U ⊂ Xη and an embedding ofF
∣∣
U in a similar constructible sheafG on

U such that the theorem is true for the sheaf j! (G ). Indeed, if this is true, then
by 2.2 we can find for eachm ≥ 1 an open dense subsetU ⊂ Xη and an
exact sequence of constructible sheaves with torsion orders prime to char(k̃),
0 → F

∣∣
U → G 0 → . . . → G m, such that the theorem is true for all of the
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sheavesj! (G i ). Then the theorem is true forj! (F
∣∣
U ) and, again by 2.2, the

theorem is true forF .
2.4. It suffices to verify the condition from 2.3 for the case whenX is irre-

ducible, reduced and flat overS , and the sheafF is constant.Indeed, we can
find an embedding ofF in a finite direct sum of sheaves of the formf∗(ΛZ),
wheref : Z → Xη is a finite morphism. We may assume that all suchZ are
reduced, and therefore we can replace them by their normalizations and assume
that they are irreducible. Furthermore, we can find for eachZ a flat modelX ′

overS projective overX . It follows now from Lemma 3.4 that if the condition
from 2.3 holds for eachX ′ and the sheafΛX ′

η
, then it also holds forX and

F .
2.5. From the stable reduction theorem of de Jong ([deJ], 4.5) it follows

that there exist a finite extensionk′ of k, a schemeX ′ projective and strictly
semi-stable overS ′ = Spec(k′0), and a proper, dominant and genericly finite
morphism f : X ′ → X over S such that the preimage ofY in X ′

s is
a union of irreducible components ofX ′

s . Let F ′ be the pullback ofF on
X ′
η (it is also a constant sheaf). By Step 1 and Lemma 3.4, the theorem is

true for the complexRfη∗(F ′). Furthermore, letU be a nonempty open subset
of Xη such that the induced morphismg : U ′ := f −1

η (U ) → U is finite.

Theng∗(F ′∣∣
U ′ )

∼→(Rfη∗F
′)
∣∣
U . From 2.2 it follows that the theorem is true for

the sheafj! (g∗(F ′∣∣
U ′ )), wherej is the open immersionU ↪→ Xη. Thus, the

condition from 2.3 is satisfied by the subsetU and the sheafg∗(F ′∣∣
U ′ ), and

the theorem is proved in the nontrivial valuation case.
If the valuation onk is trivial, then in Step 1 one should consider the case

whenX is smooth andY is a strict normal crossing divisor inXs = X (see
[deJ], 2.4) and use the cohomological purity theorem (instead of the description
of the vanishing cycles sheaves), and in Step 2.5 one should use Theorem 3.1
(instead of Theorem 4.5) from [deJ].

Corollary 3.5. Let X be a scheme of locally finite type over k◦, π : X̂η → Xs

the reduction map, andF a constructible sheaf onXη with torsion orders prime

to char(k̃). Then for any subschemeY ⊂ Xs there are canonical isomorphisms

RΓ (Y ,RΘF )
∼→RΓ (π−1(Y ),F an) and

RΓ (Y ,RΨηF )
∼→RΓ (π−1(Y ),F an) .

If, in addition, the closure ofY in Xs is proper, then there are canonical iso-
morphisms

RΓc(Y ,RΨηF )
∼→RΓ

π−1(Y )
(X an

η ,F an) and

RΓc(Y ,RΘF )
∼→RΓπ−1(Y )(X

an
η ,F an) .

Proof . The first two isomorphisms immediately follow from Theorem 3.1 and
Corollary 2.3. Assume that the closureW of Y in Xs is proper. LetZ be
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the complement ofY in W , and letj and i denote the canonical morphisms
Y → W andZ → W . Then there is an exact triangle

−→ j ! ((RΨηF )
∣∣
Y ) −→ (RΨηF )

∣∣
W −→ i∗((RΨηF )

∣∣
Z) −→

Applying the functorRΓ (W , ·), we get an exact triangle

−→ RΓc(Y ,RΨηF ) −→ RΓ (π−1(W ),F an) −→ RΓ (π−1(Z),F an) −→
It remains to notice thatπ−1(W ) is an open neighborhood ofπ−1(Y ) in X an

η

and to apply [Ber2], 5.2.6.

In the following corollaries the fieldk is complete.

Corollary 3.6. Let T be a scheme of locally finite type over k◦, X a special

formal scheme over̂T which is locally isomorphic to the formal completion of
a scheme of finite type overT along a subscheme of the closed fibre, F an
étale sheaf onXη locally in the étale topology ofX isomorphic to the pullback

of a constructible sheaf onTη with torsion orders prime tochar(̃k). Then the
cohomology sheaves of the complexes RΨη(F ) and RΘ(F ) are constructible and,
for any subschemeY ⊂ Xs, there are canonical isomorphisms

RΓ (Y ,RΨηF )
∼→RΓ (π−1(Y ),F ) and RΓ (Y ,RΘF )

∼→RΓ (π−1(Y ),F ) .

If, in addition, the closure ofY in Xs is proper, then there are canonical iso-
morphisms

RΓc(Y ,RΨηF )
∼→RΓ

π−1(Y )
(Xη,F ) and

RΓc(Y ,RΘF )
∼→RΓπ−1(Y )(Xη,F ) .

Corollary 3.7. Let X be a smooth formal scheme over k◦, Y a subscheme of
Xs, andΛ = Z/nZ, where n is prime tochar(k̃). Then for any q≥ 0 there is a
canonical isomorphism

H q(Y , Λ)
∼→H q(π−1(Y ), Λ) .

If, in addition, the closure ofY in Xs is proper, then there is a canonical iso-
morphism

H q
c (Y , Λ)

∼→H q

π−1(Y )
(Xη, Λ) .

Remark 3.8(i) In the case whenY is proper, the first isomorphism of Corollary
3.5 for the vanishing cycles sheaves can be deduced from the comparison theorem
5.1 from [Ber3] in the way indicated by G. Faltings in [Fal]. Namely, in this
case the setπ−1(Y ) is open inX an

η . This implies that the dualizing complex of
π−1(Y ) (see [Ber4],§1) is the restriction of the dualizing complex ofX an

η , and
therefore one can use the local biduality ([SGA41

2], Th. finitude, 4.3), the fact
that the vanishing cycles functor commutes with duality ([Ill], 4.2), Proposition
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2.4 above, and the comparison statement for the duality functor ([Ber4], 3.3-3.4).
If Xη is smooth, as in [Fal], then instead of the latter fact it is enough to use
the Poincaŕe Duality for schemes and analytic spaces.

(ii) Assume that the valuation onk is trivial. Then k = k◦ = k̃, Xη =
X = Xs, and thereforeRΘ(F ) = F and RΨη(F ) = F . Theorem 3.1

implies that for any subschemeY ⊂ X one hasRΘ(F̂/Y ) = F
∣∣
Y

and RΨη(F̂/Y ) = F
∣∣
Y . It follows that H q(Y ,F ) = H q(π−1(Y ),F an),

H q(Y ,F ) = H q(π−1(Y ),F an) and if, in addition, the closure ofY in
X is proper thenH q

c (Y ,F ) = H q
π−1(Y )

(X an
η ,F an) and H q

c (Y ,F ) =

H q

π−1(Y )
(X an

η ,F an).

(iii) Let X be the affine line overS , Y the zero point of the closed fibre,
{xi }i≥1 a sequence of closed points ofXη with |T(xi )| < 1 and|T(xi )| → 1 as
i →∞, andF = ⊕iΛxi the sky-scraper sheaf onXη, whereΛ = Z/nZ. Then
(ΨηF )

∣∣
Y is the direct sum ofΛ’s taken over all points fromA1(ka) = ka that

lie over the pointsxi , i ≥ 1, andΨη(F̂/Y ) is the corresponding direct product.
In particular, they don’t coincide. By the way, if the fieldsk(xi ) are separable
over k and [k(xi ) : k] →∞ as i →∞, then the action of the Galois group ofk

on Ψη(F̂/Y ) is not continuous.

(iv) Assume that char(k) = 0 and char(k̃) = p > 0, and let X =
Spec(k◦[T1,T2]/(T1T2 − w)), Y = X1 (as in Step 1), andΛ = Z/pZ. Then

(RΨηΛXη )
∣∣
Y → RΨη(ΛYη

), whereY = X̂/Y , is not an isomorphism. Indeed,

the reasoning from Step 1 shows that it is an isomorphism if and only if for
the canonical morphismsf : X̂ → Ŝ and g : Y → Ŝ the conditions (1)
and (2) hold. But ifX = X̂η and Y = Yη, then H 1(X, Λ) → H 1(Y , Λ) is not
an isomorphism (i.e., (2) does not hold). To see this, we may useµp instead of
Λ. One hasX = {x ∈ A1

∣∣|w| ≤ |T(x)| ≤ 1} and Y = {x ∈ X
∣∣|T(x)| < 1}.

The function 1
1−T = 1 + T + T2 + . . . is invertible on Y , but its image in

O (Y)∗/O (Y)∗
p ⊂ H 1(Y , µp) does not come fromO (X)∗/O (X)∗

p
= H 1(X, µp).

4. The continuity theorem

Let S be the spectrum of the same local Henselian ring from§3, T a scheme
of finite type overS , andF an étale abelian constructible sheaf onTη with
torsion orders prime to char(k̃). Furthermore, letX andX ′ be schemes of finite
type overT , and letY ⊂ Xs andY ′ ⊂ X ′

s be subschemes. From Theorem

3.1 it follows that any morphism of formal schemesϕ : X̂ ′
/Y ′ → X̂/Y over

T̂ induces homomorphisms of sheaves onY ′ andY
′
, respectively,

θq(ϕ,F ) : ϕ∗s ((RqΘFXη )
∣∣
Y ) −→ (RqΘFX ′

η
)
∣∣
Y ′ ,
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θq
η(ϕ,F ) : ϕ∗s ((RqΨηFXη )

∣∣
Y ) −→ (RqΨηFX ′

η
)
∣∣
Y

′ .

Theorem 4.1. GivenT , F , X̂/Y andX̂ ′
/Y ′ as above, there exists an ideal of

definitionJ ′ of X̂ ′
/Y ′ such that for any pair ofT̂ -morphismsϕ,ψ : X̂ ′

/Y ′ →
X̂/Y that coincide moduloJ ′, one hasθq(ϕ,F ) = θq(ψ,F ) andθq

η(ϕ,F ) =
θq
η(ψ,F ).

Remark 4.2.(i) If one considers only open subschemes of the closed fibres then,
by Theorem 8.1 from [Ber3], givenT , F andX̂/Y , there existsn ≥ 1 such

that the statement of Theorem 4.1 holds for anŷX ′
/Y ′ with J ′ generated by

the n-th power of the maximal ideal ofk◦.
(ii) In [Ber5], §7, the statement of Theorem 4.1 was proved in the case when

k◦ is equicharacteristic andY andY ′ are closed points. This was done using
a formalism of vanishing cycles for non-Archimedean analytic spaces (similar to
that from [SGA7], Exp. XIV, for complex analytic spaces) and the same results
from [Ber3] used in the proof of Theorem 4.1.

Before proving Theorem 4.1, we will prove a finiteness result which general-
izes Corollaries 5.5 and 5.6 from [Ber3] and, in fact, is deduced from them. Let
k be a non-Archimedean field (whose valuation is not assumed to be discrete),
and letT be a scheme of finite type overk.

Definition 4.3. A k-analytic space X overT an is said to bequasi-algebraic over
T if each point of X has a neighborhood of the form V1∪ . . .∪Vn, where each Vi
is isomorphic overT an to an affinoid domain in the analytification of a scheme
of finite type overT . (If T = Spec(k◦), the indication toT will be omited.)

It is easy to show (see the proof of Corollary 5.6 from [Ber3]) that ifX is
quasi-algebraic overT , then anyk-analytic spaceY that admits a quasi-étale
morphismY → X is also quasi-algebraic overT . For example, any analytic
domain in ak-analytic space smooth overT an is quasi-algebraic overT .

Proposition 4.4.Let X be a compact k-analytic space quasi-algebraic overT ,
and let F be an ´etale sheaf on X which locally in the quasi-´etale topology is iso-
morphic to the pullback of an abelian constructible sheaf onTη with torsion orders

prime tochar(k̃). Assume that the residue field̃k is separably closed and that for
any prime l dividing a torsion order of F one has sl (k) := dimFl (|k∗|/|k∗|l ) <∞.
Then the groups Hq(X,F ), q ≥ 0, are finite.

Proof . The reasoning from the proof of Corollary 5.6 from [Ber3] reduces the
situation to the case whenX is an analytic domain in the analytification of
a scheme of finite type overT and F is the pullback of a sheaf onTη. In
this case Corollary 5.5 from [Ber3] implies that the groupsH q(X,F ), where
X = X⊗̂k̂s, are finite. By the Hochschield-Serre spectral sequence, it suffices to
show that the groupsH p(G,H q(X,F )), whereG = Gal(ks/k), are finite. For
this we may assume thatF is l -torsion for some primel . Let Q be the minimal
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closed invariant subgroup ofG such thatM := G/Q is a pro-l -group. Then the
indices of all open subgroups ofQ are prime tol and M

∼→Zs
l , wheres = sl (k)

(see [Ber2], 2.4.4). It follows thatH p(G,H q(X,F )) = H p(M ,H q(X,F )Q). Thus,
our statement follows from the simple fact that the cohomology groups ofM
with coefficients in a finite discretel -torsion module are finite.

Proof of Theorem 4.1.First of all, all of the sheaves are constructible and equal
to zero forq > 1 + 2 dim(Xη) (see [Ber3], Lemma 8.2). In particular, it suffices
to find suchJ ′ separately for eachq. Furthermore, the both vanishing cycles
sheaves are epimorphic images of the pullbacks of the nearby cycles sheaves
defined for a certain finite extension ofk in ks. Therefore it is enough to consider
the nearby cycles sheaves and, of course, we may assume that the residue field
of k is separable closed. Let us fix a functorUs 7→ U (resp.U′s 7→ U′) which
is inverse to the functor from Proposition 2.1(i). From Corollary 3.5 it follows
that for anyétale morphism of finite typeUs → Y (resp.U′s → Y ′) the groups

H q(Uη, F̂ ) (resp.H q(U′η, F̂ )) are finite. Since the spaceUη (resp.U′η) is quasi-
algebraic overT , Proposition 4.4 implies that for any compact analytic domain
V ⊂ Uη (resp.V ′ ⊂ U′η) the groupsH q(V , F̂ ) (resp.H q(V ′, F̂ )) are finite.
Finally, we may assume that the schemesX andX ′ are affine.

As in the proof of Theorem 8.1 from [Ber3], everything is now reduced to
the verification of the following fact. LetU = Spf(A) andV = Spf(B) be special
affine formal schemes over̂T such that their generic fibres are quasi-algebraic
overT and the groupsH q(Uη, F̂ ) andH q(Vη, F̂ ) are finite. Then there exists
an ideal of definition ofV such that, for any pair of morphismsϕ,ψ : V → U

that coincide modulo this ideal, the induced homomorphisms of finite groups
H q(Uη, F̂ ) → H q(Vη, F̂ ) coincide.

Let a (resp.b) be the maximal ideal of definition ofA (resp.B). Then for
each 0< r < 1 the setU (r ) (resp.V (r )) of the pointsx ∈ Uη (resp.Vη) with
|f (x)| ≤ r for all f ∈ a (resp.b) is an affinoid domain, andUη (resp.Vη) is
exhausted byU (r ) (resp.V (r )). From [Ber2], Lemma 6.3.12, it follows that there
exists 0< r < 1 such that the homomorphismH q(Uη, F̂ ) → H q(U (r ), F̂ )

(resp.H q(Vη, F̂ ) → H q(V (r ), F̂ )) is injective. By Theorem 7.1 from [Ber3],
there existsε ∈ E(U (r )) with the property that, for any pair of morphisms
f , g : Y → U (r ) between analytic spaces over̂Tη with d(f , g) < ε, the induced

homomorphismsH q(U (r ), F̂ ) → H q(Y , F̂ ) coincide. But we can findn ≥ 1
such that, for the morphisms of formal schemesϕ andψ that coincide modulobn,
one hasd(ϕ′, ψ′) < ε, whereϕ′ andψ′ are the induced morphismsV (r ) → U (r ).
Theorem 4.1 follows.

Let G (X̂/Y /T̂ ) denote the group of̂T -automorphisms ofX̂/Y and, for

an ideal of definitionJ of X̂/Y , let GJ (X̂/Y /T̂ ) denote its subgroup con-
sisting of the automorphisms that are trivial moduloJ . The following corollary
is obtained from Theorem 4.1 using Lemma 8.7 from [Ber3].
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Corollary 4.5. GivenT andX̂/Y as above and aZ l -sheafF = (Fm)m≥0 on

Tη, where l is prime tochar(̃k), there exists an ideal of definitionJ such that the

group GJ (X̂/Y /T̂ ) acts trivially on all of the sheaves(RqΨηFm,Xη )
∣∣
Y and

(RqΘFm,Xη )
∣∣
Y , q ≥ 0, m≥ 0.

Remark 4.6. Assume thatT = S and Y is a closed pointx in Xs. Then
(RqΨηF )x = lim−→ H q(X(x) ⊗(knr)◦ K ,F ), whereX(x) = Spec(O sh

X ,x) is the strict

Henselization ofX at a geometric pointx over x, and K runs through finite
extensions ofknr in ks. Laumon proved the statement similar to that of Corollary
4.5 for the action of the automorphism group ofX(x) over (knr)◦ on (RqΨηF )x

under the assumptions thatk◦ is equicharacteristic and the morphismX → S
is smooth outsidex (see [Lau], p. 34, 6.3.1). Furthermore, assume thatk◦ is
of mixed characteristic, the morphismX → S is of relative dimension one,
and Xη is smooth. Under these assumptions, Brylinski proved that, for any

K as above, one hasH q(X(x) ⊗(knr)◦ K ,F )
∼→H q(X̂(x) ⊗(k̂nr)◦ K̂ ,F ), where

X̂(x) = Spec(Ô sh
X ,x), and the statement similar to that of Corollary 4.5 holds for

the action of the automorphism group of̂X(x) over k̂nr on H q(X(x)⊗(knr)◦ K ,F )
(see [Bry]).

5. The Generalized Krasner Lemma and quasi-affine analytic spaces

In this subsection the valuation of the ground non-Archimedean fieldk is not
assumed to be discrete. Recall that, for an elementf of a commutative Banach
ring A, ρ(f ) denotes the spectral radius off , i.e., ρ(f ) = max

x∈M(A)
|f (x)| (see

[Ber1], §1.3).

Theorem 5.1. Let A a k-affinoid algebra, p1, . . . , pn > 0, f1, . . . , fm elements
in A{p−1

1 T1, . . . , p−1
n Tn} for which the algebra

B = A{p−1
1 T1, . . . , p

−1
n Tn}/(f1, . . . , fm)

is finite étale overA, andαj the image of Tj in B , 1≤ j ≤ n. Then there exist
positive numbers r1, . . . , rm, t1, . . . , tn and seriesΦj ∈ B {r−1

1 S1, . . . , r−1
m Sm}

with ρ(Φj ) ≤ pj , 1≤ j ≤ n, such that, for any homomorphism of affinoid algebras
σ : A → C that defines a homomorphismσ′ : B → D := B ⊗̂AC , and, for
any system of elementsg1, . . . , gm in C {p−1

1 T1, . . . , p−1
n Tn} with ρ(gi − σ(fi )) ≤

ri , the system of elements{γj = σ′(Φj )(g1 − σ(f1), . . . , gm − σ(fm))}1≤j≤n in D
is a unique one with the properties

(1) C {p−1
1 T1, . . . , p−1

n Tn}/(g1, . . . , gm)
∼→D : Tj 7→ γj ;

(2) ρ(γj − σ′(αj )) < tj for all 1≤ j ≤ n.
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Proof . Step 1. LetX = M(A) and U = M(B ). For r1, . . . , rm > 0 we
set Xr = M(Ar ) and Ur = M(Br ), where Ar = A{r−1

1 S1, . . . , r−1
m Sm}

and Br = B {r−1
1 S1, . . . , r−1

m Sm}. We also setZr = M(Er ), where Er =
Ar {p−1

1 T1, . . . , p−1
n Tn}/(f1+S1, . . . , fm +Sm). We claim that for sufficiently small

r1, . . . , rm the canonical morphism Zr → Xr is finite étale. Indeed, the canoni-
cal morphismU → Xr is a composition of the finite morphismU → X and
the closed immersionX → Xr , and therefore Int(U /Xr ) = U . On the other
hand, it is a composition of the closed immersionU → Zr and the mor-
phism Zr → Xr . From [Ber1], 2.5.8(iii), it follows that the image ofU in Zr

is contained in Int(Zr /Xr ). It follows that we may decreaser1, . . . , rm so that
Int(Zr /Xr ) = Zr . Then Corollary 2.5.13(i) from [Ber1] implies thatZr → Xr

is a finite morphism. Furthermore, let∆1, . . . , ∆m be the (n × n)-minors of

the matrix
(
∂fi
∂Tj

)
=
(
∂(fi +Si )
∂Tj

)
. By the assumption, the images of these ele-

ments inB generate the unit ideal, i.e.,
∑m

i =1ϕi∆i +
∑m

i =1ψi fi = 1 for some
ϕi , ψi ∈ A{p−1

1 T1, . . . , p−1
n Tn}. It follows that

∑m
i =1ϕi∆i +

∑m
i =1ψi (fi + Si ) =

1 +
∑m

i =1ψi Si . We can decreaser1, . . . , rm and assume thatρ(ψi Si ) < 1 for all
1 ≤ i ≤ m, and therefore the right hand side of the latter equality is invert-
ible Ar {p−1

1 T1, . . . , p−1
n Tn}. This means that the images of∆1, . . . , ∆m in Er

generate the unit ideal, i.e., the morphismZr → Xr is finite étale.

Step 2. LetO1 = OZr (U ) and O2 = OUr (U ) be the algebras of functions
analytic in a neighborhood of the image ofU in Zr andUr , respectively, and let
I1 ⊂ O1 and I2 ⊂ O2 be the ideals generated by the functionsS1, . . . ,Sm. The
both algebrasO1 and O2 are finite étale overOXr (X), and there are canonical
isomorphismsO1/I1

∼→B andO2/I2
∼→B . From [Ber3], Lemma 7.4, it follows

that the pairs (O1, I1) and (O2, I2) are Henselian, and therefore the canonical
isomorphismO1/I1

∼→O2/I2 is induced by a unique isomorphismO1
∼→O2 over

OXr (X). We claim that for sufficiently small r1, . . . , rm the latter comes from an
isomorphism Ur

∼→Zr over Xr . For this we need the following proposition.

Proposition 5.2.Let X and Y be k-affinoid spaces, X′ ⊂ X and Y′ ⊂ Y Zariski
closed subsets, and assume that X′ ⊂ Int(X). Then

Hom((Y ,Y ′), (X,X ′)) ∼→Hom(OX (X ′),OY (Y ′)) .

Here the left hand side is the set of morphisms of germs of k-analytic spaces (see
[Ber2], §3.4), and the right hand side is the set of homomorphisms of k-algebras
that induce, for each n≥ 1, a bounded homomorphism of k-affinoid algebras
OX (X ′)/I (X ′)n → OY (Y ′)/I (Y ′)n, where I(X ′) and I(Y ′) are the ideals of the
functions that vanish on X′ and Y′, respectively.

Lemma 5.3. Let X = M(A) be a k-affinoid space, X′ ⊂ X a Zariski closed
subset, and I the ideal of elements ofA that vanish on X′. Then

(i) I (X ′) = I OX (X ′) andA/I n ∼→OX (X ′)/I (X ′)n for all n ≥ 1; in particular,

there is an isomorphism of completionŝA ∼→ ̂OX (X ′);
(ii) the ring OX (X ′) is Noetherian and flat overA, and the homomorphism

OX (X ′) → ̂OX (X ′) is injective.
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Proof . First of all we remark that affinoid neighborhoods ofX ′ in X form a
fundamental system of neighborhoods. (IfI is generated by elementsf1, . . . , fn ∈
A, then these are the Weierstrass domains of the formV = {x ∈ X

∣∣|fi (x)| ≤
ri , 1≤ i ≤ n} for r1, . . . , rn > 0.) In particular,OX (X ′) is flat overA. Let V be
an affinoid neighborhood ofX ′. Then the closedk-analytic subspace ofX defined
by the idealI n is contained inV . This implies that the ideal of elements ofAV

that vanish onX ′ coincides withI AV andA/I n ∼→AV /I nAV . Furthermore,
let f be a non-zero element ofOX (X ′). Thenf comes fromAV for some affinoid
neighborhoodV of X ′ and its image inAV /I nAV is non-zero for somen ≥ 1.
Since the latter coincides withOX (X ′)/I (X ′)n, it follows that the homomorphism

OX (X ′) → ̂OX (X ′) is injective. This implies thata = OX (X ′) ∩ a ̂OX (X ′) for any
finitely generated ideala of OX (X ′), and therefore the latter ring is Noetherian.

Proof of Proposition 5.2.That the map considered is injective is easy. Letα :
OX (X ′) → OY (Y ′) be a homomorphism with the required property. LetX =
M(A) and Y = M(B ), and I ⊂ A and J ⊂ B the ideals of elements
that vanish onX ′ and Y ′, respectively. SinceX ′ ⊂ Int(X), we can find an
admissible surjective epimorphismπ : k{r−1

1 T1, . . . , r−1
n Tn} → A : Ti 7→ fi

with max
x∈X′

|fi (x)| < ri , 1 ≤ i ≤ n. We may also assume that the set{f1, . . . , fn}
contains a set of generators ofI . We have max

y∈Y′
|α(fi )(y)| < ri , and therefore we

can shrinkY and assume that eachα(fi ) comes from an elementgi ∈ B and the
spectral radius ofgi in B is at mostri . Therefore there is a well defined bounded
homomorphismγ : k{r−1

1 T1, . . . , r−1
n Tn} → B that takesTi to gi . Furthermore,

the ideal Ker(γ) is generated by a finite number of elementsF1, . . . ,Fm. Since
α(π(Fi )) = 0, we can shrinkY and assume thatγ(Fi ) = 0. Thereforeγ induces
a bounded homomorphismβ : A → B . Since the set{f1, . . . , fn} contains
generators ofI , it follows thatβ(I ) ⊂ J , i.e., the morphismY → X induced by
β takesY ′ to X ′. Thus,β induces a homomorphismα′ : OX (X ′) → OY (Y ′), and
we have to verify thatα′ = α. By Lemma 5.3, it suffices to verify that, for each
n ≥ 1, the induced homomorphismsOX (X ′)I (X ′)n → OY (Y ′)/I (Y ′)n coincide.
But these are bounded homomorphisms between twok-affinoid algebras that
coincide on a set ofk-affinoid generators of the first algebra. It follows that they
coincide.

Remark 5.4.If the spacesX andY in Proposition 5.2 are strictlyk-affinoid, then
the boundness assumption is automatically satisfied because anyk-homomor-
phism between strictlyk-affinoid algebras is bounded. But this is not true for
arbitraryk-affinoid algebras (see [Ber1], 2.1.13).

To apply Proposition 5.2, we have to verify that the homomorphismO1/I n
1 →

O2/I n
2 , n ≥ 1, induced by the isomorphismO1

∼→O2 is bounded. For this we
remark that this is a homomorphism between finite Banach modules over the



Vanishing cycles for formal schemes. II 387

k-affinoid algebraO /I n, whereO = OXr (X) and the idealI is generated by
S1, . . . ,Sm. By [Ber1], 2.1.9, such a homomorphism is always bounded.

Step 3. By the previous step, there is an isomorphism ofAr -affinoid algebras

Er = Ar {p−1
1 T1, . . . , p

−1
n Tn}/(f1+S1, . . . , fm+Sm)

∼→Br = B {r−1
1 S1, . . . , r

−1
m Sm}

Let Φj be the image ofTj under this isomorphism. (We remark thatρ(Φj ) ≤ pj .)
Furthermore, by Corollary 6.3 and Key Lemma 7.3 from [Ber3], we can find
positive numberst1, . . . , tn such that, given a cartesian diagram

Y = M(C ) −→ Xx x
V = M(D )

ψ−→ U

any morphismψ′ : V → U with ρ(ψ′∗αj − ψ∗αj ) < tj 1 ≤ j ≤ n, that
makes the previous diagram (withψ′ instead ofψ) cartesian coincides with
ψ. Finally, sinceΦj (0) = αj , we can decreaser1, . . . , rm and assume that
ρ(Φj − αj ) < tj . We claim that the numbers r1, . . . , rm, t1, . . . , tn and the se-
ries Φ1, . . . , Φm satisfy the conditions of our theorem.Indeed, letσ : A → C
be a homomorphism of affinoid algebras andg1, . . . , gm a system of elements of
C {p−1

1 T1, . . . , p−1
n Tn} with ρ(gj −σ(fi )) ≤ ri . Thenσ extends to a well defined

homomorphismAr = A{r−1
1 S1, . . . , r−1

m Sm} → C that takesSi to gi − σ(fi ).
The isomorphismEr

∼→Br gives rise to an isomorphismEr ⊗̂Ar C
∼→Br ⊗̂Ar C .

But the left hand side isC {p−1
1 T1, . . . , p−1

n T1}/(g1, . . . , gm), the right hand
side (B ⊗̂AAr )⊗̂Ar C = B ⊗̂AC = D , the isomorphism constructed
takesTj to Φj (S1, . . . ,Sm) ⊗ 1 = σ′(Φj )(g1 − σ(f1), . . . , gm − σ(fm)) = γj , and
one hasρ(γj − σ′(αj )) ≤ ρ(Φj − αj ) < tj . Thus, the conditions (1) and
(2) are satisfied. Assume now thatγ′1, . . . , γ

′
m is a system of elements with

C {p−1
1 T1, . . . , p−1

n T1}/(g1, . . . , gm)
∼→D : Tj 7→ γ′j . Then this system gives rise

to an automorphismχ of V = M(D ) over Y = M(C ) that takesγj to γ′j . But
if ρ(γ′j − σ′(αj )) < tj , thenρ(χ∗σ′(αj ) − σ′(αj )) < tj , and thereforeψχ should
coincide withψ. This implies thatχ = 1V , i.e., γ′j = γj for all 1 ≤ j ≤ n. The
theorem is proved.

Let X = Spec(A) be an affine scheme of finite type overk. An affinoid
domainV ⊂ X an is said to beWeierstrassif there exist elementsf1, . . . , fn ∈ A
and numbersr1, . . . , rn > 0 such thatV = {x ∈ X an

∣∣|fi (x)| ≤ ri , 1 ≤ i ≤ n}.
Furthermore, an affinoid domainV ⊂ X an is said to berational if there exist
elementsf1, . . . , fn, g ∈ A and numbersr1, . . . , rn > 0 such thatg does not
vanish onV andV = {x ∈ X an

∣∣|fi (x)| ≤ ri |g(x)|, 1 ≤ i ≤ n}. We remark that
suchV is a Weierstrass domain inY an, whereY = Spec(A[ 1

g ]). For a subset
Σ ⊂ X an, let A(Σ) denote the localization ofA with respect to the elements
that do not vanish onΣ. From [Ber1], 2.2.10, it follows easily that an affinoid
domainV = M(AV ) ⊂ X an is Weierstrass (resp. rational) if and only if the
image of A (resp. A(V )) in AV is everywhere dense. In particular, ifV is a
Weierstrass (resp. rational) domain inX an, then any Weierstrass (resp. rational)
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subdomain ofV is a Weierstrass (resp. rational) domain inX an. Let T be a
scheme of finite type overk. (For exampleT = Spec(k).)

Definition 5.5. A k-analytic space X overT an is said to bequasi-affine over
T if every compact subset of X is contained in an affinoid domain which is
isomorphic overT an to a rational domain in the analytification of an affine
scheme of finite type overT .

Corollary 5.6. Any k-analytic space overT an that admits a finite ´etale morphism
to a k-analytic space quasi-affine overT is quasi-affine overT .

Proof . It suffices to prove that ifϕ : Y = M(B ) → X = M(A) is a
finite étale morphism ofk-affinoid spaces andX is a Weierstrass domain in
X an, where X = Spec(A) is an affine scheme of finite type overk, then
Y is isomorphic to a Weierstrass domain inY an for some affine scheme
Y = Spec(B) of finite type overX . For this we representB is the form
A{p−1

1 T1, . . . , p−1
n Tn}/(f1, . . . , fm). By Theorem 5.1, the latter algebra does not

change if we replace the elementsf1, . . . , fm by sufficiently close elements. There-
fore, sinceX is a Weierstrass domain inX an, we may assume thatf1, . . . , fm
are polynomials fromA[T1, . . . ,Tn]. Consider the affine schemeY = Spec(B),
whereB = A[T1, . . . ,Tn]/(f1, . . . , fm). If gj is the image ofTj in B, then Y is
isomorphic to the Weierstrass domain{y ∈ Y an

∣∣|gj (y)| ≤ pj , 1 ≤ j ≤ m} in
Y an.

For example, any finitéetale covering of the analytification of an affine
scheme of finite type overk is quasi-affine. Furthermore, letF be a local non-
Archimedean field. Then the Drinfeld half-planeΩd associated withF is quasi-
affine. It follows that the finitéetale coveringsΣd,n of Ωd⊗̂F̂ nr constructed by
Drinfeld in [Dr] are quasi-affinêF nr-analytic spaces.

Remark 5.7. If one restricts oneself with strictlyk-analytic spaces and the case
of nontrivial valuation onk, then a version of Theorem 5.1 and the statement
of Corollary 5.6 follow from results of R. Elkik ([Elk], Lemma 6 and Theorem
7). In this case it is not necessary to assume that the algebraB is finite over
A (if one uses the usual rigid analytic notion ofétaleness which in this case is
equivalent to the notion of quasi-étaleness from [Ber3]).

6. A vanishing theorem for quasi-affine analytic spaces

In this subsection we assume that the ground non-Archimedean fieldk is alge-
braically closed.

Theorem 6.1. Let T be a scheme of finite type over k,F an abelian con-
structible sheaf onT with torsion orders prime tochar(k̃), and X a paracompact
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k-analytic space quasi-affine overT and of dimension d. Then for any q> d
one has Hq(X,F an) = 0.

Proof . First of all, if the valuation onk is trivial, then using the invariance
of the étale cohomology groups under algebraically closed extensions of the
ground field ([Ber2], 7.6.1), we can increasek and assume that its valuation
is nontrivial. Furthermore, we may assume thatX is connected. ThenX is a
union of an increasing sequence of affinoid domains quasi-affine overT . If V
is such a domain then, by Proposition 4.4, the groupsH q(V ,F an) are finite
and, by [Ber2], Lemma 6.3.12,H q(X,F an) is a projective limit of the groups
H q(V ,F an) over all V ’s. Hence, we may assume thatX = V , i.e., that X
is a rational domain inX an, whereX = Spec(A) is an affine scheme of fi-
nite type overk and of dimensiond, and thatX = T . ReplacingX by an
open subscheme, we may assume thatX is a Weierstrass domain inX an, i.e.,
X = Vr := {x ∈ X an

∣∣|fi (x)| ≤ ri , 1 ≤ i ≤ n} for some f1, . . . , fn ∈ A and
r1, . . . , rn > 0, and we can complement the set{f1, . . . , fn} to a system of gen-
erators ofA over k. One hasX = ∩r ′>r Vr ′ , where the intersection is taken over
all r ′i > ri with r ′i ∈ |k∗|, 1 ≤ i ≤ n. By the Continuity Theorem 4.3.5 from
[Ber2], one hasH q(X,F an) = lim−→ H q(Vr ′ ,F an), and therefore we may assume

that all ri are contained in|k∗|. In this case we can multiplyfi ’s by elements of
k and assume thatri = 1 for all 1≤ i ≤ n.

Let a be the kernel of the surjective homomorphismk[T1, . . . ,Tn] → A :
Tj 7→ fj . It is an ideal ofk[T1, . . . ,Tn] generated by polynomialsg1, . . . , gm.
Multiplying eachgi by an element ofk, we may assume thatgi ∈ k◦[T1, . . . ,Tn].
We setb = {g ∈ k◦[T1, . . . ,Tn]

∣∣ag ∈ (g1, . . . , gm) for some non-zeroa ∈ k◦}
and B = k◦[T1, . . . ,Tn]/b. ThenY = Spec(B) is an affine scheme flat and of

finite type overk◦ with Yη = X and Ŷη
∼→X. By a result of M. Raynaud

and L. Gruson ([RayGr], Corollary 3.4.7), the schemeY is finitely presented
over k◦, and therefore from [EGA4], 12.1.1, it follows that the closed fibreYs

is of dimensiond. By [Ber3], Corollaries 4.5(iii) and 5.3, there is a spectral
sequenceEp,q

2 = H p(Ys,RqΨηF ) =⇒ H p+q(X,F an), and therefore to prove
the theorem it suffices to show thatEp,q

2 = 0 for p + q > d. For this we use
the results from [SGA4], Exp. XIV, on the cohomological dimension of affine
schemes. First of all, these results imply thatd(RqΨηF ) ≤ d − q, whered(G )
denotes the maximum of dim({y}) taken over all pointsy ∈ Ys with Gy 6= 0
(see [SGA7], Exp. I, Theorem 4.2). Furthermore, ifG is an abelian sheaf on
Ys, then H p(Ys,G ) = 0 for p > d(G ) ([SGA4], Exp. XIV, Theorem 3.1).
The both facts imply thatEp,q

2 = 0 for p + q > d. The theorem is proved.

Corollary 6.2. Let X be a paracompact smooth quasi-affine k-analytic space of
pure dimension d, andΛ a finite abelian group of order prime tochar(k̃). Then
for any q< d one has Hq

c (X, Λ) = 0.

Proof. The statement follows from Theorem 6.1 and Poincaré Duality ([Ber2],
7.4.3).
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