FORMS AND INTEGRATION — I
DIFFERENTIAL FORMS: DEFINITIONS

PART I: LINEAR THEORY

Let V ~ R™ be a linear space: we avoid the symbol R" since the latter implicitly
implies some coordinates.

Q Definition. An exterior k-form on V is a map
w: Vx-xV =R, (v1,..,0K) — w(vg, ..., V%),
k times
which is:
e linear in each argument, and

e antisymmetric: if o € Sy is a permutation on k symbols, and |o| = £1 its
parity, then

W1}, -+ Vo)) = (1) w(vr, ..., vp).

The space of all k-forms on V is denoted by AF(V*): it is a linear space over R. [

& Ezample. Linear forms are 1-forms: AY(V*) = V*.

& Ezample. If dimV = k and a coordinate system in V' is chosen, and v; =
(vj1,--.,Yjk), then
V11 ... Ukl
w(vy,...,vx) = det
Vg .- Ukk

is a k-form. We denote it by det,, = explicitly indicating the coordinate system.

& Problem 1. Prove that for any u,v € R3 the two formulas,
Wy = det(’u, . ')7 w1 = det(u, v, )
x xr

define 2- and 1-forms respectively.

In any coordinate system (z1,...,2,) on V ~ R" a k-form
can be associated with a tuple of reals: if a: {1,...,k} —
{1,...,n}is an index map, and (eq,...,e,) a basis in V, then
we define

o = w(€a(1); - - - €a(k))
and consider the collection {a, } with a ranging over all
possible index maps.
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& Problem 2. Prove that the form is uniquely determined by its coefficients
aq. O

& Problem 3. How many independent coefficients there are among a,? [

& Problem 4. Compute dim /\k(R”). O

& Problem 5. Prove that there are no nonzero k-forms on V if £ > dimV. O

# 1- and 2-forms. Among all k-forms on an n-space, the cases of k =1,2,n—1
and n are of special importance.

Q Definition. A 1-form is nonzero, if it is nonzero. A 2-form w is nondegenerate,
if
YoeV JueV:w(uv)#0. O

& Problem 6. Prove that a 2-form is nondegenerate, if and only if the matrix
composed of its coefficients, is nondegenerate.

aiq a1
det| © .. 1 |#0. O

aik .- Akk

& Problem 7. Prove that the above property is independent of the choice of a
coordinate system. [

& Problem 8. Prove that there are no nondegenerate 2-forms on an odd-dimensi-
onal space. [

& Problem 9. Prove that dimV =n = dimA"(V*) = 1.

& Problem 10. Prove that for a generic 2-form on an odd-dimensional space V/,
there exists exactly one vector (or, more precisely, the direction defined by this
vector) such that

VueV wv,u)=0.

There is an operation which takes k-forms into (k — 1)-
forms: if v € V is any vector, then the operation

Tyt W Tyw, Tow(V1, .y Uk—1) = wW(V, V1, ..., Vk—1),

is a linear operator on k-forms. For some reasons this
operator is called intrinsic antidifferentiation.

& Functorial properties of forms. Linear transformations of the space V
induce linear transformations on the spaces AF(V*): if V, W are two (different, in
general) linear spaces, and A: V — W is a linear map, then

XFA VX XV oWx--xW
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is a natural extension, and the operator A*: AF (W*) — A¥(V*) is a linear map
defined via the diagram

Vx...xVﬁ)Wx...xW

| -
R R

which is to be commutative. The form A*w is the pullback of the form w by the
map A.

& Problem 11. Write a normal formula defining the form A*w.

& Problem 12. If
A B

v W Z
is a chain of maps, then (AB)* = B*o A*. O
& Exterior multiplication = wedge product. If wy,...,wy are k 1-forms on

V', then the tensor product s = wy ® -+ ® wy can be defined on V x --- x V:
s(v1, ..y 0p) =w1(vy) - wi(vg).

& Problem 13. Is s a k-form? Answer: no.

Q Definition. If w € A*(V*), 6 € A"(V*), then the exterior product
Q=wAf e AV

is defined by the formula

Q1 k) = Y (DM 00y, Vo) OWVe(er1)s - s Vo (ki)

0ESk4r

In other words: to compute the wedge product w A6 on k+r vectors vy ..., Uk4r,
split them in all possible ways into a group of k and the rest of r elements, compute
the product of the values taken by w on the first set and by 6 on the second one,
multiply by the parity of the permutation, and average over all permutations.

Notation:

dim V'

AV = [ A*(v).
k=1

The wedge product is a nice algebraic operation on A(V*):

wAbO = (fl)deg“"degeﬁAw,
WA (01 +602) =wAb; +wA b
WAONY)=(wAO) A,
A (wAl)=A"w AN A0
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& Problem 14. Let e/ € R™ be basis covectors on R™. Then

det(:) =e' A---Ae™.
x

The coordinate representation of any form':

w= Z A €MD A A eF),

«: ordered

& Appendix: exterior algebra and vector algebra in R3. In this subsection
we consider R? = E3 being the Euclidean space, that is, with the scalar product
(u,v) — (u,v).

QO Definition. With each vector v € E? the following 1- and 2-form can be asoci-
ated:
AFE?) 3 0, (u) = (v,u), AA(E?) 3 wy (u, w) = Mixed product of (v, u,w).

The volume form det € A3(E?) is also well defined in this case (how?)
& Problem 15. Write these two forms in coordinates. O

& Problem 16.
Yu,v € B2 0y, A0y = Wy,

where u x v is the vector product (the cross product) in E3. O
& Problem 17.
Oy Nwy = (u,v) -det. O
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LAn ordered o is a map a: {1,...,k} — {1,...,n} with a(1) < --- < a(k).



