Critical Phenomena for sequence matching with scoring

Amir Dembo*
Department of Mathematics and Department of Statistics
Stanford University
Stanford, CA 94305, U.S.A.

Samuel Karlin' Ofer Zeitounift
Department of Mathematics Department of Electrical Engineering
Stanford University Technion
Stanford, CA 94305 U.S.A. Haifa 32000, Israel

4 November 1992; Revised: 7 January 1994
Abstract

Consider two independent sequences Xy,--+, X, and Y3,---,Y,. Suppose that X;,---, X, are
iid. px and Yi,---,Y, are i.id. puy, where ux and puy are distributions on finite alphabets
Y x and Xy, respectively. A score F': ¥x X ¥y — IR is assigned to each pair (X;,Y;) and the

maximal non-aligned segment score is M,, = maxo<i j<n-A {ZeA=1 F(Xit¢,Yj+0)}. Our result is
A>0
that M, /logn — v*(pux, py) a.s. with v* determined by a tractable variational formula. Moreover,

the pair empirical measure of (X;1¢,Y;4+,) during the segment where M, is achieved, converges to a
probability measure v* which is accessible by the same formula. These results generalize to X;,Y;
taking values in any Polish space, to intrasequence scores under shifts, to long quality segments,

and to more than two sequences.

1. Introduction.

Our motivation derives from biomolecular sequence comparisons. In DNA and protein sequence
matching, segment scores are of the form ZzA:1 F(aite,a5,,), where a; is the i-th letter in the first
sequence, a; is the j-th letter in the second sequence and F(z,y) is the score for the letter pair
(z,y). For the longest perfect match and the longest quality ¢ match (% matching exceeding
q), the formulas of Karlin and Ost (1988), Arratia et al. (1986, 1990) determine the asymptotic
distribution of the maximal intersequence segment score for matching with few errors, at least when

the laws of the sequences are similar enough.
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This paper is inspired by the critical phenomena in sequence matching introduced in Arratia and
Waterman (1985), Arratia et al. (1988). It is important to seek a generalization of this phenomena
to the context of general scoring systems. Thus, consider two sequences of length n, X;,...,X,
and Y3,...,Y,, where the letters X; take values in a finite alphabet ¥ x and the letters Y; take
values in a finite alphabet ¥y . A real valued score F(:,-) is assigned to each pair of letters (X;, Y;).

The maximal segment score allowing shifts, is

0<i,j<n—A

A
M, = max {) F(Xits,Yjre)}-
A>0 =1

Suppose the two sequences are independent: Xj,..., X, ii.d. following the distribution law ux
and Yi,...,Y, i.id. py, where ux and py refer to probabilities on X x and Xy, respectively. Of
primary relevance is the case where the expected score per pair is negative and there is positive

probability of attaining some positive pair score. So we assume
(H) EMXXMY(F)<O ) /J'XX/JY(F>O)>O’

in which case M, — oo corresponds to rare events.
The hypothesis (H) is in force throughout this paper, and it is also assumed that px and
py are strictly positive on X x and Xy, respectively. The growth asymptotics of M,, under (H) is

characterized in the following theorem.

Theorem 1. There exists a finite and positive constant v*(ux, uy) depending on pux and py such
that

M, /logn — v*(px,py) a.s.

(throughout this paper log means the natural logarithm).

The constant v* is expressed in terms of relative entropy functionals detailed in (1) below.

Vital for applications is the precise limit distribution of M,, centered at v*logn. This would
provide the means for rigorous assessment of statistical significance in sequence comparisons with
general scoring schemes of paramount relevance to the BLAST programs (e.g., Altschul et al.
(1990), States et al. (1992)) and for algorithms founded on information (likelihood ratio) scoring
matrices as in Stormo and Hartzell (1989) or Henikoff and Henikoff (1992). In the case of either
perfect matching of similar sequences or maximal segmental score for aligned sequences, the limit
distribution is an extremal distribution of type I (cf. Arratia et al. (1986), Karlin and Ost (1988),
Karlin and Dembo (1992)). Under conditions related to (E) in Theorem 4 below and relying on
the results of this paper, we prove in a companion paper (Dembo et al. (1994)) that the limit
distribution is again an extremal distribution of type I. The relevant mean displacement constant

is then tractable based on sums of i.i.d. fluctuation theory identities.
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The following notations are used. Let ¥ = ¥ x X 3y be the (finite) alphabet of letter pairs,
and let M;(X) denote the set of all probability measures on ¥ and Mp(X) the subset of probability
measures v satisfying E,(F') > 0. The relative entropy of v € M;(X) with respect to p € M1(X) is
denoted by H(v|u), and for ¥ = {by,---,bn} given by the formula:

i v(b;)
H(v|p) = v(b;) log —-<,
(i) = 32 (e log
with 0log0 interpreted as 0.
The function J : M;(X) — [—00,00) is defined via
E,(F)
Jv)= ———————
O = B ol o)

where

H*(vlpx,py) = maX{%H(VWX x py), H(vx|px), H(vy |py)}
and vx and vy denote the marginals of » on ¥ x and Xy, respectively. We shall write H*(v) for
H*(v|px, py) where no ambiguity concerning the measures px, py is likely. Note that J(v) is
finite except for ¥ = px X py in which case owing to (H) J(v) = —oco. The constant v*(ux, uy) is
proved (Theorem 3) to be

(1) Y (px,uy) = sup J(v)= sup J(v),
IIGMl(E) IIGMF(E)

where the last equality is a consequence of (H). With pux X py strictly positive and ¥ finite, it
follows that H*(v|ux X py) is continuous with respect to v, and by (H) so is the extended real
valued function J(v). In particular, y*(ux, py) is finite, the sets {v : J(v) > 3} are compact for
all 8 > 0, and the compact set

M={v:Jw)=~"(px,py)}

is non-empty. Let A} denote the length of any segment where M, is achieved and let v be the
empirical measure of pairings (X;¢,Y;4¢) over this segment.

The asymptotic properties of A} and v are described in the following theorem.

Theorem 2. All limit points of v belong to the set M a.s., and all limit points of A, /logn belong
to the set {1/H*(v) : v € M}.

Both Theorems 1 and 2 are corollaries of the following more general result about the growth
asymptotics of the maximal score among all segments of specified empirical measure of the pairs
(Xite, Yite)-

Theorem 3. For any U C M(X) let Jy = max{sup,cy J(v),0} and

A . .
MT[L] = max{z F(Xi_l_z,y;'_'_e) - A Z O, ,’/,] S n— A, L(ATtX,TJY) c U}
=1



where T'X = (X;11, Xiv2, ), T?Y = (Yj41,Yj12, ) and Lgix’TjY) is the empirical measure of
the pairs {(Xive, Yi+e)}Yor,. Then

(a) limsup, ,., MY/logn < Jy a.s.

(b) liminf, ,o MY/logn > Jyo a.s. (where U° denotes the interior of the set U ).

Theorem 1 follows by applying Theorem 3 with U = M;(X), in which case Jyy(n) = 7"
Theorem 2 follows by observing that M, = A}, E,-(F), and comparing Theorem 1 with the upper
bound (a) of Theorem 3 applied to U being the complement of the §-sphere blow-up of the set M.

Examination of the proof of Theorem 3 reveals that the set U° in part (b) of Theorem 3
can actually be replaced by any subset of V' — the set of all limits of sequences {vx} C U for
which the vectors kvg have integer coordinates for k¥ = 1,2,.... Theorem 3 is thus useful in
accommodating scoring schemes in which some pair letter combinations are forbidden, i.e. when
—o0 is in the range of F'. For example, Theorem 1 is then deduced by applying Theorem 3 with
U=V ={v:E,(F) > —}. The sequence matching problems discussed in Arratia and Waterman
(1985) and in Arratia et al. (1988) are examples of such schemes.

Of particular interest are the conditions under which M = {v*} is unique (for then Theorem
2 states that v, — v* a.s. and A} /logn — 1/H*(v*) a.s.), as well as providing simpler charac-
terizations of both v* and v*. Along these lines, recall that (H) entails the existence of a unique

positive value 6* satisfying
Eﬂx Xpy [eO*F] =1,
and let o* € M7(X) denote the conjugate measure associated with 6%, i.e.

do* _ 9*F
——=e" 7.
d(px X py)
Henceforth, o and a3 denote the marginals of o* on ¥ x and Xy, respectively.

The maximal segment score without shifts, is

A
R, = 0<§2§3‘_A{Z F(Xiye,Yige)}
TA>0 =1
It is not hard to check that (H) implies that R, /logn — 1/6* a.s., and as shown in Dembo and
Karlin (1991a) the pair empirical measure of (X; g, Y;4¢) over the segment where R, is achieved,
converges a.s. to a*. Intuitively, one might expect M,, to be comparable to R,> and concomitantly

that v* = 2/6* and v* = o*. While in general this is not the case, the following theorem states an

accessible necessary and sufficient condition for v* = 2/6* and v* = o*.

Theorem 4. Always v*(ux,py) < 2/0*. The following conditions are equivalent:
(a) v*(ux,py) =2/6" and M = {a*}.



(b) (px,py) satisfy the inequality
(®) H(o Jux % piy) > 2max{H (o ), H(a [y}

In particular, for identical alphabets and symmetric scores (F(z,y) = F(y,z)), condition (E) holds
whenever ux = py, and unless F(z,y) is of the form F(z)+ F(y), condition (E) also applies to all
px X py in some open neighborhood of the diagonal {ux p: p € M1(Xx) , p X p satisfying (H) }.
Remark. If F(z,y) is a function of z only, then M, = R, and hence v*(ux, py) = 1/6* for any
px, py satisfying (H). This shows that some symmetry condition on F(z,y) is needed for (E) to
hold. Another example concerns ¥x = Xy = {—1,1} with F(z,y) = F(z) + F(y) = ¢ +y. Then,
(H) is satisfied as soon as 0 < px(1) < 1/2 and 0 < py(1) < 1/2. On the other hand, since a*
is a product measure, it follows that H(a*|px X py) = H(o |px) + H(oy |uy ), and (E) holds iff
H(a%|px) = H(oy |py). Letting p = px (1) and m = py (1), one finds that
0" = %log(—(1 _pgfrl — 7r))

With p fixed, define f(7) = H(a% |ux) — H(ay |ny). One finds directly that f(p) = 0 and when
p < 1/2, we have f"(y) <0 for all y < 1/2 and f(1/2) > 0. Thus, f(w) =0 iff 7 = p, i.e. (E) holds
iff pux = py.

Even when (E) fails, uniqueness of the measure v* yielding the value v* is assured in the

following case.

Theorem 5. Let Gx(z) = max, {F(z,y)}, Gy(y) = max,{F(z,y)}. Then, M = {v*} when the
following conditions hold:

(a) Either E,, (Gx) >0, or Gx(x) = F(z,y) has a unique solution y(x) for all x; and,

(b) Either E,, (Gy) >0, or Gy(y) = F(z,y) has a unique solution z(y) for all y.

Remarks: (a) Suppose F(z,y) = F(z) is a function of « only. Then, o} = py, and it is not hard
to check that {M} contains all measures of the form v = a% X vy with vy € M;(Xy) such that
H(vy|py) < H(a%|ux). In this example M contains infinitely many probability measures, while
Gx(z) = F(x) and because of (H) condition (a) of Theorem 5 is violated.

(b) The conditions of Theorem 5 are trivially met in matching problems when F(z,z) > 0 and
F(z,y) <0 for z # y.

(c) Let S be any closed set of strictly positive measures px X py satisfying (H). Since v*(ux, py)
is positive throughout the compact set S, it is not hard to check that there exists § = 6(S) > 0
such that for all ux x py € S,

Y (px,py) = sup J(v) .
{viH(v|px xpy)>6}

With ¥ finite, and F(z,y) bounded, the function J(v) is (uniformly) continuous jointly in v and
px X py, on the set {(v,pux X py) : Hv|px X py) > 9, px X py € S}. Therefore, v*(pux,py) is
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continuous on S, and if M = {v*} for every ux X py € S, then v* = v*(ux, py) is also continuous
on S.

The next two sections are devoted to the proofs of Theorems 3, 4 and 5. They are followed by
several extensions. In biomolecular sequence analysis the two (or more) sequences often have very
different lengths. Sequences of possibly different lengths are the focus of Section 4, while scores
for more than two independent sequences are considered in Section 5. Theorems 1-5 are shown in

Section 6 to apply for intrasequence scores with shifts, i.e.

A
M = Osi;?jgz—A{Z F(Xite, Xj+0)},
A>0 =1

encompassing the context of significant repeat segments. The asymptotics of the longest quality
g match is considered in Arratia and Waterman (1989) and Arratia et al. (1990). In Section 7,
we present this problem and its extension to a vector-valued scoring system, and relate them with
the results of Sections 3.2 and 5.5 of Dembo and Zeitouni (1993). Section 8 concerns extensions
of Theorems 1,24 and 5 to infinite alphabets. Under appropriate modifications, such extensions
apply also to the formulations of Sections 4-7. By fixing the alphabet of the second sequence to be a
singleton, the theory is specialized to a one sequence setting, in particular providing an alternative
simpler proof of the strong laws of Dembo and Karlin (1991a).

When the i.i.d. assumption is generalized to Markov dependence, the corresponding results for
long segments of perfect matching or of quality g are reported in Arratia and Waterman (1985,1989),
in Karlin and Ost (1988), and in Arratia et al. (1988,1990), while for general scoring systems with

aligned sequences such results are given in Dembo and Karlin (1991b).

2. Proof of Theorem 3.
The proof of the theorem starts with the following simple lemma which allows us to restrict

attention thereafter to segments of length at most O(logn).

Lemma 1. There exists ¢g large enough, such that for all n,

A
P| sup ) F(Xire,Yise)} 20| <1/n?.
0<i,j<n—A (T
A>cologn

Proof: Since there are at most n® possible choices of 7,3, A, by the union of events bound (and
stationarity of the processes {X,} and {Y;}), the lemma will follow from the tail estimate
A

(2) sup  P(D_ F(Xy,Y;) >0) <1/n°.
A>cologn —1

Let
A(A) = log Eltx Xpy [eAF]'
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Then, for A > 0, by Chebychev’s bound

A A
P(Y_F(Xe,Ye) 2 0) < Blexp(A Y F(X, Ye))] = (B[eM]) % < 24
=1 =1
From (H), B, xuy (F) = A’'(0) <0, and therefore there exists A\g > 0 (in fact for all 0 < Ao < 6*),
such that —A(\g) > 0. By choosing A = A\g and ¢y = 5/(—A(Xg)), (2) ensues. 1

While Lemma 1 applies to any alphabet X, we shall hereafter exploit finiteness of X, and
predicate the proof of the theorem on the method of types. For a full account of this method and
its applications, see Csiszar and Korner (1981) Chapter 1, Cover and Thomas (1991) Chapter 12, or
Dembo and Zeitouni (1993) Section 2.1. We recall here only the results needed. Let Lj be the set
of probability vectors v on 3 for which all the coordinates of kv are integers. With L;cX’Y) denoting
the empirical measures of pairs {(Xy, Yy)}5_,, the following estimates are easy consequences of the

attendant multinomial probabilities:
(3) (k + 1)~ (BI=D = kHElxxuy) < p(LOOY) = ) < e kHElxxuy) vy e £y

with |X| denoting the cardinality of the set X.
Similar estimates hold for L¥ and LY, the empirical measures of {X,}5_, and of {Y;}5_,,

respectively. Specifically,

(4) (k +1)~(FI-De—kHExlrx) < p(LX = yx) < e FHxlux)

and

(5) (k + 1)—(IEI—1)e—kH(vY|uY) <P(LY =vy) < o—hHvy luy)
Finally,

(6) |Ck| < (k4 1)F171

and for all v € M;(%)

i — 5|y <
7 inf v~ Pler < [k
(with m;/k < v(a;) < m;/k +1/k, we have ) . m; < k. Let 7(a;) = m;/k, adding at most 1/k to
each coordinate till ), 7(a;) = 1).

We turn now to prove the upper bound on MY .

Lemma 2. Let MY denote the value of MY confined to segments of length at most co logn (with

co as determined by Lemma 1). Suppose that Jy > 0. Then, for all ¢ > 1

(cologn + 1)I*I
i1 :

P(MY > tJylogn) <

7



Proof: For v € Ly, k < cologn we consider the events
(8) A ={3i,j: 0<i,j<n-—ksuchthat I{" X7 = »} .

(A, is the event that there exists a segment of length k£ in which the empirical measure of pairs
{(Xite,Yj+e)}5_, is v). Applying the union of events bound with respect to the values of 0 < i, j <
n—1,

P(A,x) < min{n®P(L{"Y) = v), nP(L¥ = vx),nP(L} =vy),1},

and by the upper estimates of (3)-(5),

P(A,x) < min{n2e_kH(”|“X xuy) pe~kH(x|ux) pe=kH(vylny) 1}.
Consequently, using the inequality min{a?,1} < a for a > 0, and the definition
H*(v) = max{ s H(vlpx x py ), H(vxlpux), H(vy luy)}, we have

P(A,}) < ne”FH )

5 —

Hence,
9) EH*(v) >tlogn = P(A,x) <n ¢,

We partition the event { MU > t.Jyy logn} according to the pair empirical measure v on the segment
in which the score MY is obtained, observing that the score is Ele F(Xit+¢,Yj41) = kE,(F). Thus,

{MY > tJylogn} = U A -
k<cplogn
vELy,veEU
{ kEE, (F)>tJy logn }
Since Jy > 0, kE,(F) > tJylogn for v € U implies that kH*(v) > tlogn. Thus, with

Y k<cologn Lkl < (cologn + 1)1, the proof of the lemma is completed by applying the union of

events bound in conjunction with the estimate of (9). 1

Turning now to the lower bound on M,[IJ , we first prove the following estimate on the basic

events A, (see (8)).

Lemma 3. For any v € Ly, and any n > k,

(10)

1—P(A, 1) < 4(k+1)(BHD p 2k H@luxxuy) (|4 1)1BIn Lok Hxlux) 4 (k4 1)1ElptekH @y luy)

where n, = k| %] is the largest integer multiple of k£ not exceeding n.
Proof: Since P(A, ) is monotone increasing with n, without loss of generality, we may assume

throughout that n = n, is an integer multiple of k. Divide the sequence X1,---, X, into 7 disjoint
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successive segments of size k each and let Nx count the number of segments with empirical measure
vx. Similarly, let Ny count the number of corresponding segments from the sequence Y7, ---,Y,, of
empirical measure vy. Conditioned on Nx and Ny let B;; be the event that the i-th segment in
the X sequence with empirical measure vx and the j-th segment in the Y sequence with empirical
measure vy are arranged in such a way that their corresponding letter pairs (X,Y’) empirical
measure is precisely v.

Clearly, B;j, ¢ = 1,---,Nx,j = 1,---, Ny are events of equal probability. Therefore, with
W = Zi\ixl ;.szl 1p,; and p = P(B;;) we have

E[W'Nx,Ny] :pNxNy .

Now, given a segment in the X sequence of empirical measure vx and a segment in the Y sequence
of empirical measure vy, the probability of associated letter pairs having empirical measure v is
independent of the precise order of the X-segment letters. Consequently, conditioned on Nx and

Ny the events {B;;} are pairwise independent, and in particular,
VAR[W|N)(, Ny] = NxNYvAR(].B”) S pNxNy.

Thus, by a Chebychev type bound

(W — E[W|Nx, Ny])? 1

PW =0|Nx,Ny|< E Nx,Ny| < ——.

Hence, also

PW =0] < E[P[W =0|Nx,Ny|ln,>1ln,>1] + P(Nx = 0) + P(Ny =0)

1 1

< -F 1 1 P(Nx =0 P(Ny =0
<5 [NXNY Nx>1lny>1] + P(Nx ) + P(Ny )
1 _AIng>1 1Ny >1

— X2 \E Y= P(Nx =0 P(Ny =0
p[NX][Ny]+(X)+(Y)

where the equality is due to the independence of Nx and Ny. By definition Nx ~ Binomial(%,px)
and Ny ~ Binomial(%,py) with px = P(Ly = vx) and py = P(L} = vy). Hence, by direct

computation,
1NX21] : 2 = 2(1 — (1 —px)™/**Y) _ 2k
Nx "~ 'Nx+1' px(§ +1) ~ npx’

Bl

with the analogous bound for E[ll}’\,%] Therefore, since ay(l —a)¥ <1lforally >0,0<a <1,

4k n n 4k k k
PW=0)< 5——+1-px)*+(1-py)* < — + +
n"ppxpy n°ppxpy npx  Npy
Since {W > 1} C A,, we have 1 — P(A, ;) < P(W = 0). Consequently, observing that
PPXPY = P(LEEX’Y) =v), we get

4k2 k k
1—P(Ayr) <P(W=0)< + * ’
(A, k) < P( ) w2 P(L) — ) " nP(LE =vx)  nP(L] = vy)
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and (10) follows by utilizing the lower bounds of (3)-(5). 1

The estimates of Lemma 3 are combined next to achieve a lower bound on MY .

Lemma 4. Suppose that Jyo > 0. Then, for each ¢t < 1, there exists an ng(t) such that for
n > no(t),

1

U
(11) P(Mn S tJUo logn) S W.

Proof: Fix ¢t < 1. Set 7 = (1 + 2t)/3 < 1, and note that (7 +t)/(27) < 1. Determine 7 € U°
with J(7) > (5)Jye. Let k, = [rlogn/H*(#)] and recall that there exist 7, € Ly, with
|7 — Onllvar < |2|/kn (see (7)). Hence, with F(-,-) bounded, it follows that for some C' < oo

independent of n,

E;,(F) E;(F) . T+t
; > 7 n > O = — 0> () gy —C.
knE; (F) > T H(7) logn > TH*(I,/,) logn —C =7J(0)logn — C > ( 5 )Juo logn — C

Since v € U?, so is v, for n large enough, and moreover

knEs, (F) > tJyologn

(since 7 > t). Consequently, for n large enough, the event {MY < tJy.logn} is contained in the
complement of A; . .
Thus, in view of the bound of (10) and the definition of H*(v) it suffices to show that

I, = n=0/2(k, + 1)Elp=1ekn () 50 as n— oo.

As n — oo, 7, — U, and consequently H*(7,) — H*(¥). Therefore, the term I, is of order
n(T=(1+1)/2+0(1)) " The proof of the lemma is complete, since 7 < (1+1t)/2. 1

Proof of Theorem 3: (a) Assume first that Jy > 0. Then, combining Lemmas 1 and 2, it follows
that for any 1 < ¢ < 3 and all n > ng(¢),

1

U

Fix t = 1 +¢, € > 0. Applying the Borel-Cantelli lemma along the skeleton nj = e*, it follows
that a.s., MY < (14 e€)Juk for all k > ko(w). Increase ko(w) such that ko(w) > (1/€ + 1).

Since MV is monotone in n, for all n > ng(w) = ko)
MY < (1 +e)Jy[logn] < (1 + 2¢)Jy logn,

and consequently
limsup MY /logn < (14 2¢)Jy a.s.

n—oo
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With e > 0 arbitrarily small, the proof is complete.

If Jy =0, then for all v € U, E,(F) < 0 and trivially MY < 0 for all n.
(b) There is nothing to prove when Jyo = 0. For Jyo > 0 the proof is based on Lemma 4,
paraphrasing the argument of part (a) above while changing € to —e, Jy to Jye, reversing direction
of all inequalities involving MY and replacing [logn] with |logn].
3. Proof of Theorems 4 and 5.

In the proofs of Theorems 4 and 5, we shall use the well known information inequality

(13) H(v|px x py) > H(vx|px) + H(vy|py),

with equality iff v = vx X vy (considering H(vx|ux) + H(vy|py) — H(v|px X py), (13) is an

immediate consequence of the concavity of the function log z).

Proof of Theorem 4: Recall that a* is defined via d(L = e F'; hence for any v € My (%)
ux Xpy)

H(v|px x py) —0*E,(F) = H(v|a™) .
Of course, H(v|a*) > 0 with equality iff v = o, and consequently for all v # a*,
H(v|px x py) > 6*E,(F),

implying that J(v) < 2/6*. Moreover, H(a*|ux X py) = 6*E4+(F), and thus condition (E) is
necessary and sufficient for J(a*) = 2/6*. Consequently, v*(ux, py) = 2/6* iff (E) holds in which
case M = {a*}, and otherwise v*(ux, py) < 2/6*.

Suppose now that Xx = Xy and F(z,y) = F(y,x). Then, when px = py it follows that
o = ay and in particular H(a%|ux) = H(ay |py ). In this case applying (13) for v = a* yields
(E). Moreover, (E) holds with equality only when a* = a% X «a}-. If this is the case, then setting
Fx = - log Z‘Z—i‘ and Fy = 5 log fl‘:—:’f, it follows that F(z,y) = Fx(x) + Fy(y), and furthermore,
by the symmetry of F' necessarily Fx = Fy.

Assume now that F(z,y) is symmetric but F(z,y) # F(z)+ F(y), so that (E) holds with strict

inequality for px = py. Since F' is bounded, 6* is a continuous functional of yux X py and letting
®(pux x py) = H(@"|ux x py) — 2max{H (a |ux), H(ay|py)}

it follows that @ is also a continuous functional of px X py.
Since ®(u x p) > 0, it follows in particular that ®(ux X py) > 0 (i.e. (E) holds), for some open
neighborhood of the diagonal {y x p: p € M1(E¥x), o x p satisfying (H)}. 1

The proof of Theorem b is based on the following lemma.
Lemma 5. Let Jx(v) = E,(F)/H(vx|px) and Gx(z) = max, F(z,y).
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(a) ¥ By, (Gx) > 0, then sup, ¢y, (x) Jx (V) = oo.

b) If £, (Gx) < 0 and for every z € YXx, Gx(x) = F(z,y) at a unique y(z), then Jx(v) has a
Mx

unique global maximum.

Proof: Observe first that for a fixed o € M;(2x),

(14) sup Jx (v) = B, (Gx)/H(olux)

Vvx=0o
Proof of (a): When E, (Gx) > 0, the right hand side of (14) is infinity at ¢ = px. When
E,.(Gx) =0, let o, be given by

do.
dpx

=1+e€(nlex>0 — lax<o)

with n = ux(Gx < 0)/px(Gx >0). Then, E, (Gx)/H(o|ux) — oo as e — 0.
Proof of (b): Let 6% denote the unique positive solution of E,,, [e?“X] = 1. Define ax € M;(Zx)

via ﬁ—i = e9x@x, Then, for any o € M;(Zx)

H(o|ux) — 6xE;(Gx) = H(olax)

where H(o|ax) > 0 with equality iff o = ax. Hence, the right hand side of (14) attains a unique
global maximum at ¢ = ax. The existence of a unique y(x) for which Gx(z) = F(z,y(z)) requires
that the unique global maximum of Jx(-) is at the measure v characterized by v(4) = ax({z :

(z,y(z)) € A}) for every AC 2. 1

Let Jy(v) = E,(F)/H(vy|py) and Jxy(v) = 2E,(F)/H(v|px X py). Lemma 5 has a coun-
terpart statement in terms of Jy(-), E,, (Gy) and the solutions z(y) of Gy (y) = max, F(z,y) =
F(z(y),y). Thus under the conditions of Theorem 5, Jx(-) and Jy(-) are either unbounded or

have, respectively, unique global maxima.

Proof of Theorem 5: For any distinct vy and v with E, (F) > 0 and E,,(F) > 0, let vy =
Avy + (1 — Ay for 0 < A < 1. The linearity of the map v — E,(F) and the strict convexity of

H(-|ux % py) lead to the quasi-concavity of Jxy(-), i.e.

2M\E,,(F)+2(1—-ME,,(F)

(15) Ixy (va) > MH (v1|pux x py) + (1 — N H(va|lpx x py)

> min{Jxy (v1), Jxy (v2)}.

Similarly, it follows that
(16) Jx(va) > min{Jx (11), Jx (v2)},
with strict inequality provided Jx (v1) # Jx(v2), and

(17) Jy (vy) > min{Jy (v1), Jy (v2)},
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with strict inequality provided Jy (v1) # Jy (v2). Now suppose that there exist distinct v and vy
in M, that is

(18) Y (px,py) = J(v;) = min{Jx (v;), Jy (v4), Ixy(vi)} ¢ =1,2.

Recall that v*(ux, py) > 0, which implies that E,,(F') > 0, and hence also E,, (F)) > 0. Comparing
(18) with (15) it follows that Jxy (vx) > v*(ux,py). Of course, J(vy) < v*(pux,py), implying
that Jxy (va) > J(va), for all 0 < A < 1. By (13), this requires either Jx (vy) < Jxy(va) < Jy (V)

or Jy (vy) < Jxy(va) < Jx(vy). Moreover, from (16) and (17) we must have either

(1) Y (px,py) =JIx(wa) < Ixy(vy) < Jy(vy) for all 0 < A < 1,

or
(i) Y(ux,py) = Jy(vy) < IJxy(va) < Jx(vy) forall 0 < A < 1.

Suppose that (i) holds. In particular, Jx(v,) is finite and independent of A for 0 < A < 1.
Therefore, by Lemma 5 (either part (a) or part (b)), there exists ¢ € M7 (%) with Jx (o) > Jx(vy\) =
v*(ex,py)- Consider the probability measures 7y = (1 — M)y + Ao. By the quasi-concavity of
Jx (+) (see (16)), it follows that Jx (¥x) > v*(pux,py) for all 0 < A < 1. Since H(o|px X py) < 0o
for every o € M1(X) (by finiteness of ¥ and positivity of ux X py), it is not hard to check the
inequalities

lig\n_jglfJXY(ﬂA) > Jxy(v172) > 7" (kx, py)

and

limiany(ﬂ)\) > Jy(lll/z) > ’)’*(/.Lx,/.ty).
A—0

Consequently, for A small enough, J(7)) > v*(pux, 1y ) in contradiction with the definition of
v*(px,py) = sup, J(v). The same argument applies to case (ii) above with the roles of Jx(-) and
Jy(-) interchanged. 1

4. Sequences of different lengths.
We consider next the more general set-up with nx the length of the {X;} sequence and ny

the length of the {Y;} sequence, where nx and ny can differ. Then, M, is replaced by

A
Mnx,ny = max {§ :F(Xi+£a}/}+f)}a
0<i<nx—A
0<j<ny —A ¢=1
A>0
* * U : * % U .
and we define A} vy . and M, . corresponding to Ay, v, and M, respectively. Suppose

that nxy — oo and ny — oo in the manner that lognx/log(nxny) — A € (0,1). It is not hard
to check that all the previous results obtained for nx = ny remain valid provided A = 1/2, in

particular accommodating the case of nx /ny bounded away from 0 and co.
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The extension to A # 1/2 is quite routine (cf. Arratia and Waterman (1985), Section 6). For
completeness we state the counterparts of Theorems 1-5, omitting all proofs. The hypothesis (H)

is unaltered. However, H*(v|px, uy) is now modified to the form

H*(v|px, py) = %maX{H(VluX X py ), Hvx|px)/A H(vy|py)/(1 — A)}

Letting J(v) = E,(F)/H*(v), the definition of y*(ux, py) is unchanged and Jy remains as de-
scribed in Theorem 3. Theorems 1,2 and 3 persist with M, /logn, A} / logn and MY /logn re-
placed, respectively, by My, n, /log /nxny, Ay . /log /nxny and M7 . /log./nxny. Both
0* and o are unchanged and the necessary and sufficient condition for v* = 2/6* and M = {a*}

1S now

(Ex) H(a"|ux x py) 2 max{H(ax|ux)/A H(oy |py)/(1 =)}

With regard to Theorem 4, even for the case of identical alphabets, symmetric scores (F(y,z) =
F(z,y)) and ux = py, the condition (E)) holds only for A € [Asr, 1 — Aer], with Ao, = 1/2 when
F(z,y) = F(z) + F(y) and in general ., = H(a%|ux)/0" Ey~(F) satisfying 0 < A, < 1/2. The

statement and the proof of Theorem 5 are unchanged.

5. More than two sequences.
Another extension concerns scores attendant to multiple, » > 2, independent sequences. Ac-

cordingly, consider X{ R i.i.d. governed by the law u; € M;(3;), respectively, and indepen-

X35
dent processes {X]}°;. The scoring function F' now depends on a configuration of r letters, one

per sequence, i.e. F: ¥ =[[;_; 3; — R, with
(H) Epyxpaxxp, (F) <0, (1 X p2 X --- X pe)(F > 0) > 0.

The maximal segment score allowing shifts is now

§ : r
Mnl,---,nr o 0<z]<n1 7.7 =1,--,r F Xh_H’ 12+£’ o ’Xir+l)} )

With logn;/log(ning---n,) = Aj, Aj € (0, 1), the relevant function H*(v|u1, ..., u,) becomes

(i) = 7 o (sl [] wi)/ 303
JES JES
where v denotes the marginal of v € M;(X) on the subspace [[,. 5 X;. With J(v) and v* defined
following (1), Theorems 1, 2 and 3 carry over with the normalization factor being  log(nins - - - n,).
The only proof whose extension may not be straightforward is Lemma 3. To ease the exposition
we sketch the proof of Lemma 3 for the case »r = 3. Fix v and k and let N;, 7 = 1,2,3 be the

number of segments of size k¥ with empirical measures v;, j = 1,2,3 in the first, second and third
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sequence, respectively. Conditioned on {Nj}?:p let By, ¢,¢, be the event that the /; segments
among those with empirical measure v; in the j-th sequence, j = 1,2,3, are arranged such that
their joint empirical measure is v. Now, pairs of these equally probable events are independent as
long as they have at most one common index. Consider W = Zel ) Ezz ) Ees 1 1B,,,,, and
designate p = P(By,4,15), P12 = P(B112|B111), p1s = P(Bi21|B111), and pa3 = P(B211|B111). We
have E[W|{N;}] = pN1N>N3 and

VAR[W|{N;}] <pNiNyN3 [1+ (N3 —1)p12 + (N2 — 1)p1s + (N1 — 1)pas)] -

By similar arguments as in the proof of Lemma 3 we deduce

1 P12 P13 P23
P(W = 0|{N;}) < + + + ’
( {N;}) < pN1NaNs  pNiN>  pNiNs  pNaN3

and
8k3 4k* 4k> 4k* k k k
P(W =0) < . + 21712+ 2p13+ 2P23+_+_+_’
n°ppip2ps  n°ppip2  N°ppips  NTpp2p3 NP1 NP2 NP3
where p; = P(kaj = v;), j = 1,2,3. With the right hand side of (10) modified following the

preceding inequality, the proof of the lemma is completed by observing that

1,x2) 1 x3) 2 x3)

PP1P2p3 = p12P3P(L§gx =v{1,2}) = p13P2P(L§gx =v{1,3)) = p23p1P(L§gx =v{2,3})

= P(LE XX — )y

With E,,, x...x,[€? ] = 1 and y = e?”F the condition

d(u>< X iy

r
(Ex) H(a*| [ ) = smax  H(aj| T/ O )

i=1 ’ JjES JjES
is necessary and sufficient for v* = r/0*, M = {a*}.

In particular, (Ey) holds when A; = 1/r for all j, all sequences have identical alphabets
and identical laws, and the score F' is symmetric (i.e. invariant under permutations). To see
this, observe that then o* is invariant under permutations. Hence, oy depends only on |S| = k
and condition (Ej) follows from the monotonicity in k of H(k) = é 2o1S|=k TH(ak), that is
H(r) < H(r—1) <--- < H(1), where H(a*) = Y a*(z) log a;(w) For a proof of this well known
property, see Han (1978) or Dembo et al. (1991).

Remark: In the case of s identical alphabets (¥; = X4, j = 1,2,...,s), and r-letter scoring
function F : (¥1)" — IR, many scoring systems focus on maximal intersequence segment score

involving any subset of r out of the s given independent sequences, i.e.

M, .. = max ZF (Xm, XMz, ... Xmr
N1, MNg 0<i;j<nj—A,j=1,r {Z 140 Nig 00 ir +Z)}
miEmaAme€{l,...,s} =1
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Assuming that for each choice of distinct m; € {1,...,s}, j = 1,...,r, the measures fim,, X fm, X

- X fm, satisfy hypothesis (H), the analysis carries over with 4* determined now as

max * R .
ml#m2¢...:/_-mr€{1,.“,s}fy (/J'm:n,u‘mz, ,Nmr)

6. Intrasequence maximal r-fold segment score.
Suppose that Xi,---, X, are i.i.d. ux. With ¥ = ¥ x X ¥x, a bounded score F' : ¥ — IR is

considered, and the maximal (2-fold) segment score is of interest. Explicitly,

(19> Mn = 0<z;é]<n A ZF i+£ j+£)}
A>0

We claim that Theorems 1-5 of Section 1 hold in this case, with uy = px. In particular,
relevant to the strong laws, there is no difference in the intrasequence maximal segment score M,
of (19) and the intersequence maximal segment score for i.i.d sequences. For the lower bound on
M,, (Lemmas 3 and 4) we simply divide the sequence X1, - --, X,, into two independent sequences of
equal length [n/2], assigning Y1 = X[n/2)41,"**, Y[n/2] = Xn. The maximal segment score allowing
shifts between the latter two sequences, provides a lower bound on the intrasequence maximal score
M,, of (19). In fact, since log(n/2)/logn — 1 as n — oo, this argument establishes (11) for the
case at hand.

For the upper bound on M,, (Lemmas 1 and 2) observe first that their validation in Section
2 relies only on the independence between the segments (X;11, -+, X;1a) and (Y41, -+, Yj4a).
Consequently, without any change they yield the correct upper bounds for the non-overlapping

intrasequence score,

A
(20) M, = _max_ A{Z F(Xive, Xjre)}-

li—j|>Aa>0 =1

To treat the case of 1 < |i — j| < A, let us assume for definiteness that i < j < i+ A, and owing
to the i.i.d. character of {X;} we may take ¢ = 0, so we need to deal with ZeA=1 F(Xy, Xj4¢) for
some 1 <j<(A-1).

For any A and any j, the following simple algorithm partitions the collection {(£, j+£)}4., into
two disjoint subsets S1 and S» differing in size by at most one, such that for each fixed j+1 < a < A
the pairs (a — j,a) and (a,a + j) are not in the same subset. Thus, start with (1,5 + 1) € Sy, then
let (j+1,2j4+1) €Ss, (27 +1,3j+1) € S1, and continue in this alternating manner until reaching
an index kj +1 > A. Now, if the most recent pair have been put in Sy, let (2,7 +2) € S3 and vice
versa. Continue in the manner described above until k5 + 2 > A, then move to (3,5 + 3), and so

on, until all pairs are exhausted.
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Within the £ values for which (4,7 + £) € S; we may view X4, = Y; as samples from an
independent second sequence of law puy = px. Similar treatment apply to the £ values for which
(£, +1¢) €S,

With the union of the events

A

O F(Xy,Xjp0) >0y C{ Y. F(Xy,Xj00) >03U{ > F(X¢,Xj4e) >0},

and with |Sy[, |S2| > |A/2], the proof of Lemma 1 follows increasing ¢y by a factor of 2.
Finally, in the proof of Lemma 2, the independence of the X and Y sequences is relevant only

for v € Ly such that
. k
1) BH(v) = ¥ B(ulux x uy) > t1ogn,
in which case (9) follows from the bound
P(A,x) < n2e FHW|pxxpy) < n—2(t-1) < n—(-1)

This bound still holds for the non-overlapping choices of i, j, i.e. for

A ={30<i,j<n—kli—j| > k,LgTiX’TjX) — ).

There are at most (2k—1)n choices of 7 # j that cause an overlap between (X;11,- -, X;+x) and
(Xj+1, ,X;+k). For each of these choices we partition {(i +¢,j + £)}5_, into the two subsets S;
and S as done above, and let 1, v, be the candidate empirical measures of the pairs (X;y¢, X;4/)
with (i +£,j+¢) € Sy and (i + ¢, j + £) € S, respectively. Assuming with no real loss of generality
that k is even, v = 1(v1 + 1), and (21) implies that

k k
(22) max{EH(uﬂuX xpx),gH(ul\px X px)} >tlogn.

When considering the k/2 pairs within each S; by themselves, we may regard the relevant X,
random variables as resulting from two independent sequences of length k/2 each. Hence, it follows
that

P(Ap\ Ay g) < n(2k — 1) min{P(L{;Y) = 11), P(LY)Y) = 1)}

Combining the basic bound (3) with (22) it thus follows that

P(A,}) < 2kn= (1),
With k < ¢g logn, the above inequality suffices for the conclusion that for Jy > 0 and ¢ > 1,
(23) P(MY > tJylogn) < 2(cologn + 1)1y =¢-1)
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Coupled with Lemma 1 and Lemma 4 the bound (23) suffices for proving Theorem 3.

Similar arguments identify the results for maximal r-fold segment score

A
{ZF(Xi1+ZaXi2+Z7'"aX’ir+£)}7 r> 27

My =

n

max
0<iy F#ip# - Fir<n—A
A>1

with the results of Section 5, where in this case ¥; = Xx,pu; = px and A\j = 1/r for j =1,---,r.

In particular, when F': (¥ x)" — IR is invariant under permutations, (E)) holds and thus,

M /logn — r/6* and v, — o

9*F1 _ da* _ 6°F
where B, [e” ] =1 and g =€

7. Asymptotics of the longest quality ¢ segment.

As in Section 1, let X;,---,X,, be iid. px and Y7,---,Y, be iid. py. We are now in-
terested in characterizing all sets of pairs (z,y) € S C X, and segments yielding a large relative
occupation time of S. Formally, a threshold level ¢ > (ux X py)(S) > 0 is specified and a segment
{(Xite,Yj4e)}5, is said to be of quality g if

hls

1s(Xi+e, Yjte) = qA.
=1

For fixed S, let @),, denote the maximal length among quality g segments, i.e.,

A
Q. = max{A :30 <i,j <n — A such that Z 15(Xiye,Yjte) > qA}.
=1
This problem has been considered by Arratia and Waterman (1989) and Arratia et al. (1990) for
Yx =Xy and S = {(z,z) : ¢ € ¥x}. Without shifts the maximal length of quality ¢ segments,

defined as
A

R, = max{A : 30 < i < n — A such that Z 1s(Xive, Yite) > qA},
(=1
is known to behave as H(g|p)logn + o(logn), where p = (ux x py)(S) and H(q|p) = qlog % +(1—
q) log 1_;3) is the binary relative entropy, while the empirical measure v within the longest quality

q segment converges to the measure o*, defined via

da* on S
dlux X py) | 1= onS°

These are easy applications of the Erd6s—Rényi strong law for coin tossing (cf. Erdés—Rényi (1970)).
More finer asymptotic analysis of R, is carried out in Arratia et al. (1990), using the Chen-Stein

method for Poisson approximation.
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To put the study of the asymptotics of @, within the framework developed earlier, we define

_JYH(v)  v(8)=4q
Tv) = {O otherwise,
and let v*(pux,py) = max, J(v) and M = {v : J(v) = v*}, where H*(v) = H*(v|ux,py) is as
defined in Section 1. We then obtain the following analogs of Theorems 1 and 2.

Theorem 1'. v*(ux,puy) is finite and positive and Qn/logn — v*(ux,py) a.s.

Theorem 2'. All limit points of v;; belong to the set M, a.s.
In duality with hypothesis (H), our assumption that ¢ > (ux x py)(S) > 0 implies that * is
finite and positive, the sets {v : J(v) > B} are compact for all 3 > 0, and so is the non-empty set

M. Therefore, the preceding theorems are direct consequences of the following analog of Theorem
3.

Theorem 3'. Let Mp(X) = {v :v(S) > q}. For any U C Mp(X) let Jy =sup, ¢y J(v) and

A o
QY =max{A:30<i,j <n— A, such that Y 1s(Xive, Yiae) 2 qA, LY X7V e U}
=1
where L(T X,17Y) is as defined in Theorem 3. Then, a.s.,

Jye < lim. inf QY /logn < limsup QY /logn < Jy,
n o n—oo

where U° denotes the relative interior of U in Mp(X).

The proof of Theorem 3’ is quite similar to the proof of Theorem 3 as presented in Section 2.
We omit the details.

With o*, v* and M as defined earlier, Theorems 4 and 5 apply to the present context if we
define F(z,y) = 1s(z,y) —q (i.e. v(S) > qiff E,(F) > 0), and set 8* = 1/H(q|p) (this definition of
0* differs from the definition used in Sections 1-6). The proofs parallel those presented in Section
3, thus the details are omitted.

Specializing Theorems 1 and 4 to ¥x = Xy, ux = py and S = {(z,z) : * € Lx }, we recover
Theorem 1 of Arratia and Waterman (1989).

In the framework of bounded vector-valued scores F : & — IR?, longest quality segments with
shifts are defined by

Q,’? = max{A : 30 <,j < n — A such that Xite,Yjre) € A},

IMD

and without shifts by

A
ﬁf} = max{A : 30 < ¢ < n — A such that Z Xite,Yite) € A},
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where A C IR? is a closed subset of the convex hull of the support of F(X;,Y;), such that
Eexuy[F(X,Y)] ¢ A, and A = A°. The preceding results correspond to F(z,y) = 1s(z,y) — ¢
and A = [0,1 — g]. The asymptotics of R are treated in Dembo and Zeitouni (1993), Section 3.2.
The formula determining v*(ux, py) and v* for Q2 is based on

_[YH'W) E,F)eA4,
Jv) = {O otherwise,

and for the analysis of Theorem 4 to apply, we should take

0" = 1/{,,:1;3?5)@} H(vlpx x py) ,

and set a* to be the measure for which the infimum is achieved (this measure is unique for convex
A).

Similar extension of the maximal segment score without shifts R, (of Section 1) to vector-
valued scoring system is considered in Dembo and Zeitouni (1993), Section 5.5. Analogously, the

maximal segment score allowing shifts will be defined as

A

1

A_ 1 ‘ |

My = og%‘%‘_ﬁy Ty ;F(Xz%yﬁz) € A},
>0 =

where A = A° C IR? is such that tE,, x,, [F(X,Y)] ¢ A, for all t > 0. Restricting attention
to bounded scores and convex A which excludes a cone around the ray {tE,, x,, [F(X,Y)]}+>o0,

similar results hold for M with the formula determining v*(ux,py) and v* based on

J(v) =1/ tH* (v) .

{t:t>0,tié1,,f(F)€A}
8. Extension to Polish alphabets.

Suppose now that Xi,---,X, are iid. px and Yi,---,Y, are iid. uy, where ux and
py are Borel measures on Polish (complete, separable, metric) spaces (¥x,dx) and (Xy,dy)
respectively. One motivating example is ¥ x = IR? and Xy a singleton, corresponding to the strong
laws of Dembo and Karlin (1991a). Throughout, let ¥ = ¥x x ¥y denote the product Polish
space, M;(Xx), M1(2y), M;1(X) denote the sets of Borel probability measures on Xx, Xy and
Y respectively, and let the score F' : ¥ — IR be any bounded, Borel measurable function on 3.
Henceforth, the Borel o-fields on X x, Yy and X are taken as the completed o-fields with respect
to ux,py and px X py, respectively, and P denotes the product measure on I generated by
Bx X By

The random variables M,,, A¥ and v are now defined paralleling the finite alphabet case. The

relative entropy is given by the formula

H(v|p) = {fzfloé’;fd# 3—; = f, exists
00 otherwise
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and (H) and J(v) are as previously defined in Section 1. Since the relative entropy is a lower semi-
continuous function in the 7-topology on M; (%) having compact level sets ({v: H(v|p) < a},a <
00, see Deuschel and Stroock (1989), Section 3.2, or Dembo and Zeitouni (1993), Section 6.2), it
follows by the continuity of the map v — E,(F'), that the function J(-) is upper semicontinuous.
Moreover, the upper boundedness of F' implies that the sets {v : J(v) > (B} are compact for all
B > 0. Hence, v*(ux,py) determined by (1) is finite and positive, and M = {v € M;(X) :
v*(px,py) = J(v)} is a non-empty compact set. We claim that both Theorems 1 and 2 hold in
the present context, where the convergence of the empirical measures v, of Theorem 2 is now to
be interpreted in the sense of weak convergence in M;(3). The proof of these results is based on a

reduction to the finite alphabet case via the following approximation lemma.

Lemma 6. There exist {F,,}>_, such that:

(a‘) limy, 0 fg |F - Fm|d/~LX X py = 0.

(b) Fum(w,y) = Y10 3100 Lam (2)15m (y), where {A7"}5 is a finite partition of Sx to dis-
joint measurable sets, {B?}jvj; is a finite partition of ¥y to disjoint measurable sets, which

may be ordered by refinements, and [o]}| < || F||co-

Proof: Since Cy(X), the collection of bounded, continuous, real-valued functions on ¥ is dense in
Ly (%, px X py), it suffices to consider F' € Cy(X). With px tight in ¥ x, and py tight in Xy there
exist compacts K¢ C ¥x and K" C Xy such that ux(K%) >1—1/m and py(Ky) >1—1/m.

Since F' is uniformly continuous on the compact set K'¢ x K{*, there exist d,,, > 0 small enough
such that, for all (z,y) € K¢ x K{#, (2',y') € K¢ x K,

dx(z,2") < 0m,dy (y,') < 6 = |F(z,y) — F(2',y)| < 1/m.
Moreover, there exist finite partitions {Azn}fi”‘: of K¢ and {B?}jvj of K such that
diam(A}") < 0p, and diam(B]") < o,

where diam(A) = sup, ,1c4 dx(z,z'). Taking AT = (K¥)¢, Bf* = (K¢)° and of} = F(z;,y;) for
an arbitrary choice z; € A", y; € BJ", it follows that
NT NI
/ |F — Fldux X py < ZZ/ |F — F(w;,y;)|dux X py

< 2||Flloo [1x (AT") + py (Bg*)] + 1/m < (4]|Fl|co + 1)/m.

Consequently, both (a) and (b) hold for this sequence of functions. |

To facilitate the use of Lemma 6, we make the following observation.
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Lemma 7. If [(|F — Fpldpx X py — 0 and ||Fiplleo < ||F|lco then:

(a) For every § > 0, there exist 7,,(d) — oo, as m — oo such that for all £ > 1,
k
Z (Xe,Ye) — Frn(Xy, V)| > k) < e7Fm(®)

(b) For every a < 0o, [¢|F — Fp|dv — 0 as m — oo uniformly in {v : H(v|ux x py) < a}.

Proof: (a) By Chebychev’s bound it follows that for every § > 0 and integer k, m

kol

1 .
L 108 PQY_[F(X0,Yy) = Fun(Xp, Yo)| 2 k8) < —AL,(6),

=1
where A%, (+) is the Fenchel-Legendre transform of A, (\) = log E,, , x uy [} F~Fm1]. With |F—F,,| <
2[|Flloo and Eyyxpuy [|[F — Fn|] — 0 as m — oo, it is easy to check that for every fixed § > 0
A%, (8) = oo as m — co.
(b) Fix a < oo and v such that H(v|ux x py) < a. Then, with f = -—%

d(px xpy)’

[ 1F = Bnldy <3 [ |F = Fuldux %y +21Fle [ 1snany dv.
P P >
Recall that

logM/ 1{f2M}dV—1/e§/(longO)dV—i—iI;%[mlogx]/ dux X py
) b ®> )

< / flog fdux x py = H(v|ux x py) < a
b

implying that
/ Lig>mdv < (a+1/e)/log M
b

and thus completing the proof. |

With the assistance of Lemmas 6 and 7, we turn to prove Theorem 1 in the present context.
First observe that Lemma 1 applies even though the alphabet is no longer finite. Consequently,
it suffices to consider M,,, the maximal segment score, restricting to A < cglogn with ¢ as
determined by Lemma 1. With M™ denoting the analog maximal segment score corresponding to
the approximations {F,,} of Lemma 6, we have that the event {|M, — M™| > §logn} is contained

in the event

A

A
{3i,7 <n—A,A<c¢plogn, |ZF it Yite) ZFm Xite,Yjre)| > dlogn}.
=1 =1
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Hence, by the union of events bound

P(|M, — M]?| > §logn) <n®  sup  P()_|F(X¢,Ys) — Fin(Xe, Y2)| > 6logn)
1<A<cp logn —1

< p3e(cologn)nm(8/co)

where the second inequality follows by part (a) of Lemma 7. With 7,,(d/co) — 00 as m — oo it

thus follows that almost surely, for all m > mq(6),

M, M
(24) lim |-—"

| <4
n—oo logn logn

Assuming that (H) holds, it easily follows that for all m large enough
(Hm) EHXXNY[Fm] <0, px XNY(Fm >O) >0.

Consequently, Theorem 1 applies to the asymptotics of M™ for all m large enough (since
the partitions {A™} and {B™} map X x and Xy respectively into finite alphabets that suffice for
representing the joint law of {F,,(X;,Y;)}).

Letting 7%, (1x, y) denote the corresponding limits of M™/logn, the proof of Theorem 1 in

the current set-up is completed by showing that

(25) lim % (ux,py) =7 (px, py)-

m—r0o0

To this end observe first that

Ym(bx,py) = sup Jn(v)
vEMF,, (Z)

where
Im(v) = Ey(Fp)/H (vlpx X py) .

Let now vy, be such that J,,(vm) = v, (ux,py) and v* be such that J(v*) = v*(px, py)
(such measures exist as soon as (H) and (H,,) hold, paraphrasing the discussion below (1)).
Since Jp, (Vi) > J(v*) it follows that

liminfyy, (ux, py) > iminf B, (F, )/ H* (v7),

Obviously, since v*(ux,puy) = Eu«(F)/H*(v*) > 0 it follows that co > H(v*|ux X py) > 0, and
hence by part (b) of Lemma 7, E,«(F,,) = E,«(F), yielding the inequality

(26) lim inf vz, (ux, py) 2 7" (px, py)

m
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Note that with E, (Fp,) < ||F|/c, (26) implies that H*(vy,) is bounded uniformly in m and
hence so is H (vp|px X py). Consequently, |E, (F,,)—E, (F)| — 0 by part (b) of Lemma 7, and

as soon as we show that H*(v,,) are bounded away from zero we will have

‘W:n(/j’Xal‘Y) - J(”m)' — Oa

implying that (25) holds (as v*(ux, py) = J(Vm))-

Suppose now that H*(v,,) are not bounded away from zero. Then, by the compactness of
level sets of H(:|px X py) in the 7-topology of M;(X), passing to a subsequence, H*(v,,) — 0
yields H(vpy|ux X py) — 0 resulting with v,, — pux X py in 7-topology of M;(X). In particular
E, (F)— E,xuy (F), implying by (H) that for some § > 0 and all m large enough E, (F) < —4.
With |E,, (Fn) — E,,, (F)| — 0, (again by part (b) of Lemma 7), it follows that E, (F,,) < 0 for
all m large enough contradicting the underlying assumption that J,(vm) = v (ux, py) > 0. In
conclusion, H*(v,,) are bounded away from zero, hence (25) holds, and the proof of Theorem 1 is
completed.

Utilizing the same reduction to finite alphabets, and applying there Theorem 3, Theorem 2
holds in the current set-up provided that for all § > 0

7*(HXa NY) > lim inf sup Jm(y)v
M (YA xB™)=v' (AT x BT")
{ d(v',M)>é }

where here d(-, M) denotes the Lévy metric compatible with weak convergence, and {A7"}, {B]"}
are the partitions specified in Lemma 6.

To this end, assume that

7*(/'LX’ “Y) < lim inf sup Jm(”)a
MR (YA x BT )=v' (AT x BT")
{ d(v' ,M)>§ }

i.e., there exist v,,, ], such that

liminf J,, (V) > ~*

m—r0o0

and

(27) Um (AT x BT*) = v,,,(AT" x B"), d(vp,, M) > 6.

m? jti

Note that for large enough m, H(vy,|pux X py) < 3||F||e/7*, hence passing to a suitable sub-
sequence, v, converges in the 7 topology to some v*. By part (b) of Lemma 7 and the upper
semicontinuity of J(-), it follows that J(v*) > 4*, and hence v* € M.

We now claim that necessarily, v/, converges weakly to v*, contradicting (27). Indeed, note

m
that {A]"} and {B]*} could be taken as forming a refinement (in m) of partitions. Then, for each
i; j) mo,

Vi (AT x BI™) = v* (A7 x BI™) .
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Let now G be an arbitrary open subset of ¥. Then, up to the px X py null set (U, K'g x KJ")°,
the set G may be written as a countable union of terms of the form AZ:’“ X B;-;”“. Because A" x BJ"
are disjoint for every fixed m, and form a refinement with respect to m, every finite union of such
terms can be made into a finite union of disjoint sets of this form. Thus, using Fatou’s lemma, and

the absolute continuity of v* with respect to ux X py,

liminfv,, (G) > v*(G),

m—00
which yields the required weak convergence and hence the contradiction.

Remarks: (a) For Xx = ¥y and pux = py, the construction of Lemma 6 allows for {A™} = {B™}
for all m. Thus, the preceding arguments apply for the non-overlapping intrasequence score ﬁn of
(20), for which Theorems 1 and 2 persist in the present context of X; i.i.d. ux, taking values in
the Polish space (X x,dx). By splitting the overlapping pairs into index sets S7, Ss of almost equal
size before applying part (a) of Lemma 7, we conclude that (24) applies also for the intrasequence
score M, of (19), and consequently, Theorems 1 and 2 persist in the context of M,, of (19) and of
X; taking values in a Polish space.

(b) For S C X Borel measurable, the approach taken earlier can be modified as to allow for the
extension of Theorems 1’ and 2’ of Section 7 to the present context of general Polish alphabets.
To this end, Lemmas 6 and 7 are replaced by the following standard approximation lemmas whose

proof is omitted.

Lemma 6'. There exist S, C S C S measurable sets of ¥, with S} monotone decreasing in m,
S,, monotone increasing in m, such that

(@) limy, o0 tx X py (S \ S) = limy 0o px X py(S\ S,,,) = 0.

(b) For each m, both S}, and Sy, are finite unions of disjoint product sets of the form A7* x B}
with measurable A7® C ¥x and B® C Xy, and the partitions induced on Xx and Xy by {A*};
and {B]"}; may be ordered by refinements.

Lemma 7'. For every 3 > 0, both v(S}) \, v(S) and v(S;,) / v(S) as m — oo, uniformly in
{v:J() =B}

To the sets S, (S;;) correspond longest quality ¢ segments in finite alphabets, induced by the
relevant partitions, say Q™ (Q?+ respectively). The set inclusions in Lemma 6’ imply that
QT <Q, < Qnm+. Hence, with Theorems 1’, 3’ already holding for finite alphabets, the general

case follows provided that

(28) lim inf H*(v)< inf H*(v)< lim inf H*(v)

M=o {1:(Sm)>q}  {vw(8)>4¢} M=o {yiw(Sh)>a}

and for all § > 0

(29) lim sup inf H*(v) > inf ~ H*(v)
m—o00 Amme =v (Amme) {v:v(S)>q}
{ (v M >6,v(St)>q }
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Applying Lemma 7' and paraphrasing the arguments presented earlier, it is easy to check that (29)
holds, while (28) holds provided that f(a) = inf(,.,(s)>4} H*(v) is continuous for all @ > p. The
convexity of H*(v) and the compactness of its level sets imply that f(a) is convex, and being finite

on a € [p, 1], it is also continuous on (p,1). The continuity of f(-) at @ = 1 can be verified directly.

The definition of * and a* is exactly as in the finite alphabet case and then the analogs of

Theorems 4 and 5 are:

Theorem 4'. ~v*(ux,py) <2/6* and v*(ux,py) =2/0* iff (E) holds in which case M = {a*}.
In particular (E) holds whenever ¥x = Xy, F(z,y) = F(y,z) and ux = py.

Proof. Apart from (13) the proof of these statements in Section 3 did not rely on finiteness of ¥ x or
Yy . For completeness, we outline here a proof of (13) in the current set-up. First, since the relative

entropy function is non-negative and monotone with respect to partitions, the left hand side of (13)

dv
dux Xpy

in which case

exists

is infinite as soon as the right hand side is infinite. Hence, we may assume that f =

dv
d[,tx X[,Ly’

H(vx|px)+ H(vy|py) — H(vlpx x py) = /{f>0} 10&%

and let fx = [ fduy and fy = [ fdux denote the marginals of
)dv .

The proof is complete by applying Jensen’s inequality and checking that |, (>0} %dy <1l 1
Theorem 5. Let

Gx(z) =ess sup F(z,y)
YyEXy

with the essential supremum being with respect to py and defined up to px null sets of values of x.

Similarly, let

Gy (y) = ess sup F(z,y).
mEEX

IfE,,(Gx) >0 and E,, (Gy) >0 then M = {v*}.

Remark. Note that by an application of Lusin’s theorem both Gx and Gy are measurable with

respect to the completed Borel o-fields of X x and Xy, respectively.

Proof. The proof of uniqueness of v* as presented in Section 3 carries over as soon as we show that
there exist o € M1(X) with H(o|px X py) < oo and with Jx (o) (or with Jy (o)) arbitrarily large.
Thus, all that is needed here is to adapt the argument of part (a) of Lemma 5, using the following

well known result:
(30) Byx[Gx] = lim B, [G}]
with

Js, Flz,9) ) duy
fEY e)‘F(-’”,y)d’u,Y
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Let oy be defined by

doy

eAF(may)
dlux x py)

ny eAF(mvy)dlj,Y )
Note that H(oa|lux X py) < 2)A||F|lec < o0. Moreover, for all A, (oa)x

= ux and hence
H((oa)x|px) = 0. Consequently, if E,, [Gx] > 0 then by (30), E,,(F) = E,,[G%] > 0 for
A large enough implying that Jx (o) = oo while H(o)|ux X py) < 0o as required.

A slightly more involved construction is needed when E,, [Gx] = 0. In this case let a =
px X py(F > 0) > 0 and define ¢ € M7(X) via

do
d(px X py)
Since f is bounded, H(¢|ux X py) < oo. Moreover,

RN
=120 .

E¢(F> = Eﬂx X py [FI{F>0}]/a =20>0

By (30), for every e > 0 there exists A, large enough for E, [G)] > —ed. Consider now the
probability measures ¢.
of Ae, Ey (F) > €6.

(1—€)on, +e€¢. Note that H(¢|ux X py) < oo, and by the above choice

Since (o), )x = px it also follows that

H(fex |nx) = H((1 = €)ux + edx|ux) = / (1 —e+eg)log(l — e+ eg)dux,
Ix
where g = 4¢x

dux
around € =

= ny fduy. Expanding [1 + e¢(g — 1)]log[1 + €(g — 1)] up to second order in €
0 results with

H(¢6X|MX):6L (g_l)dHX‘l‘léz/; ( (9_1)2

2 T+ &(g 1)) %

1, (9—1)2
§§6 /;X( )d,uXa

1—¢€lg—1]
where £(z) € [0, €]. Hence, with ¢ bounded above by 1/a > 1

Ix(pe) = By (F)/H(¢ex |x) > 65/(%62/a2(1 —€/a)) > o0 ase— 0,

while H(¢e|ux X py) < oo for all € > 0, as required.

Paraphrasing the above argument, if E, [Gy] > 0, then there exists o € M;(X) with Jy (o)
arbitrarily large and H(o|ux X py) < co. 1
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